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Abstract. We apply Lescop’s construction of Z-equivariant perturbative in¬ 
variant of knots and 3-manifolds to the explicit equivariant propagator of “AL- 
paths” given in |Wa2| . We obtain an invariant Zn of certain equivalence classes 
of fiberwise Morse functions on a 3-manifold fibered over , which can be 
considered as a higher loop analogue of the Lefschetz zeta function and whose 
construction will be applied to that of finite type invariants of knots in such 
a 3-manifold. We also give a combinatorial formula for Lescop’s equivariant 
invariant S for 3-manifolds with Hi = Z fibered over S^. Moreover, surgery 
formulas of Zn and S for alternating sums of surgeries are given. This gives 
another proof of Lescop’s surgery formula of S for special kind of 3-manifolds 
and surgeries, which is simple in the sense that the formula is obtained easily 
by counting certain graphs in a 3-manifold. 


1. Introduction 

It is known that the trivial connection contributions of Chern-Simons pertur¬ 
bation theory ([Ml IBCTI [BC2l IKT] etc.) for homology 3-spheres give very 
fine topological invariants, which are fine enough to dominate all real-valued finite 
type invariants. In |Ohl[ I0h2] . T. Ohtsuki defined a Z-equivariant perturbative 
invariant of 3-manifolds with bi = 1 and proved that it is also very fine for 3- 
manifolds with bi = 1. This suggests that the theory of perturbative quantum 
invariants is quite rich also for 3-manifolds with bi > 0. Shortly after Ohtsuki’s re¬ 
sults appeared, C. Lescop developed another theory of Z-equivariant perturbative 
invariant using configuration spaces f [Les21 ILes3[ ILesd] ). which can be seen as a 
Z-equivariant version of Chern-Simons perturbation theory of homology 3-spheres. 
In [Les2[ ILes31 ILes4] , two kinds of interpretations of Z-equivariant invariant from 
configuration spaces are given: 

(1) As a Z-equivariant invariant of knots in a 3-manifold. This takes values in 
a space £/n{^) of Jacobi diagrams (Definition 12.11) whose edges are colored 
by rational functions in a formal variable t. 

(2) As an invariant of 3-manifolds with 6i = 1 by considering the equivalence 
class of the Z-equivariant invariant of knots with respect to some equiva¬ 
lence relation in the target space. 
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Lescop proved in [Les4] in a topological method that the invariant of (1) is universal 
among Garoufalidis-Rozansky’s finite type invariants of knots in an integral homol¬ 
ogy 3-sphere defined by null-claspers f |GR) l. which are related to the loop expansion 
of Kontsevich’s universal Vassiliev invariant of knots. Lescop’s knot invariant can 
be considered as a configuration space version of Kricker’s rational invariant 
for knots defined combinatorially 1 |GK ) ). which is universal among finite type in¬ 
variants of m- She also proved in |Les2] that for M with Z) = Z and with 

trivial Alexander polynomial, the invariant of (2) coincides with the 2-loop part of 
the invariant of Ohtsuki defined in [Oh2j for 3-manifolds with 6i = 1, up to nor¬ 
malization. In the definitions of Lescop’s invariants, a knot K in a 3-manifold M is 
fixed and a certain 3-cycle ST{K) in the boundary of the equivariant configuration 
space Gonfx 2 (M) of 2 distinct points in M (Z-covering of the configuration space 
Conf 2 (M) of 2 distinct points in M, definition in 1 12.511 . which is associated to K, 
is considered. Then the 3-cycle has an extension to a 4-chain in ConiK 2 {M) with 
coefficients in the field of rational functions, which is called an equivariant prop¬ 
agator. For example, the term for the 0-graph in Lescop’s equivariant invariant 
is given by the “equivariant triple intersection” in Gonfif 2 (M) among equivariant 
propagators. 

In this paper, we apply Lescop’s construction to the explicit equivariant prop¬ 
agator of “AL-paths” given in |Wa2] . Namely, we introduced in |Wa2) the notion 
of AL-paths in a 3-manifold M fibered over (definition in 115.11) and gave an 
explicit 4-chain Q{^) in Gonfif 2 (M) by the moduli space of AL-paths of a fiberwise 
gradient ^ of a fiberwise Morse function on M. Roughly, an AL-path of ^ is a piece- 
wise smooth path consisting of segments each of which is either a part of a critical 
locus of ^ (vertical segment) or a flow line of —^ (horizontal segment). Then, for 
example, the equivariant triple intersection of (parallel copies of) Q{^) is given by 
a generating function of counts of certain graphs in M such that each edge is an 
AL-path (AL-graphs, Figure [Sj. 

We shall give two results. First, we take a fiberwise Morse function on M as an 
extra structure to define an (A)-valued invariant. We show that our invariant Zn 
is an invariant of concordance classes of fiberwise Morse functions on M (definition 
in 112.2p and of spin structures on M fTheorem l3.4p . by a bifurcation argument sim¬ 
ilar to Hatcher-Wagoner |HW] . Roughly, concordance of fiberwise Morse function 
is analogous to isotopy of closed braid in M. Though the concordance relation looks 
too restricted, it is enough for defining equivariant perturbative isotopy invariants 
for nullhomologous knots in M. We will write in a subsequent paper |Wa3) about 
the knot invariants which count AL-graphs with univalent vertices attached to a 
knot. 

Next, concerning (2), we modify our Q{^) in order to utilize Lescop’s result be¬ 
cause unlike Lescop’s equivariant propagator in [Les2) the boundary of Q(X) does 
not concentrate on a knot K. By adding a bordism in SConfi^-j (M) between dQ{^) 
and a multiple of a 2-sphere bundle over K, we give a combinatorial formula for 
Lescop’s 3-manifold invariant ^ in |Les2] for fibered 3-manifolds with Hi{M) = Z 
as a generating function of counts of AL-graphs (Theorem 13.131) with some geo¬ 
metric correction terms. We remark that Lescop’s invariant is actually nontrivial. 
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as shown in [Les2) . By using the combinatorial formulas for Zn and we derive 
surgery formulas of the invariant Zn (Theorem [521) of ^ (Theorem |5T]). The 

surgery formula suggests that Zn has a property similar to finite type invariant as 
does the perturbative invariant for homology 3-spheres f |KTj l. This gives another 
proof of Lescop’s surgery formula of ^ in [Les2) for special kind of 3-manifolds 
and surgeries, which is simple in the sense that the formula is obtained easily by 
counting certain graphs in a 3-manifold. 

In computing the values of Zn and ^ for concrete examples, we show that the 
homology of the mapping torus of a diffeomorphism of a closed surface is given by 
counting AL-paths (Proposition | 6 T]). The count of AL-paths between fibers of a 
surface bundle gives the twisted tensor product of K. Igusa ( |Ig2| ), which in this 
setting computes the homology of the mapping torus. 

1.1. Conventions. In this paper, manifolds and maps between them are assumed 
to be smooth unless otherwise noticed. By an n-dimensional chain in a manifold 
X, we mean a finite linear combination of smooth maps from oriented compact 
n-manifolds with corners to X. We understand a chain as a chain of smooth 
simplices by taking triangulations of manifolds. Let Ci{X) denote the group of 
piecewise smooth chains in X and let CfiX) = Hom(Ci(X),Z). We represent 
an orientation of a manifold A by a non-vanishing section of /\ T*X and 
denote it by o{X). We consider a coorientation o^(P) of a submanifold P of a 
manifold X as an orientation of the normal bundle of V and represent it by a 
differential form in r°°(/\* T*A|y). We identify the normal bundle Ny with the 
orthogonal complement TV'^ in TX, by taking a Riemannian metric on X. We 
equip orientation or coorientation of V so that the identity 

oiV) Ao*xiV) ^ o{X) 

holds, where we say that two orientations o and o' are equivalent (o ~ o') if they are 
related by multiple of a positive function. o(V) determines Ox(V) up to equivalence 
and vice versa. We orient boundaries of an oriented manifold by the inward normal 
first convention. For a sequence of submanifolds Ai, A 2 ,..., Ar C W of a smooth 
Riemannian manifold IF, we say that the intersection Air\A 2 n - ■ -nAr is transversal 
if for each point x in the intersection, the subspace N^Ai -|- NxA 2 -b • • • -b N^Ar C 
TxW spans the direct sum NxAi(BNxA 2 (B- ■ -(BN^Ar, where N^Ai is the orthogonal 
complement of TxAi in T^W with respect to the Riemannian metric. 

Let denote the ring of Laurent polynomials in n variables. Let 

Q(t) denote the field of fractions of and we identify Q(t) with a subset of 

the field of formal power series in t with finitely many negative degree terms. 

1.2. Organization. In (21 we review the definitions of relevant graphs, concor¬ 
dance of fiberwise Morse functions, AL-paths and equivariant propagator. In 21 
we give definitions of two invariants Zn and which are mainly based on Lescop’s 
construction in |Les2[ ILes3[ ILes4| . We claim that one is an invariant of concordance 
classes of fiberwise Morse functions on a fibered 3-manifold over . The other one 
gives a combinatorial formula for Lescop’s invariant for fibered 3-manifolds with 
61 = 1 in [Les21 ILes3| . In 21 we prove that Zn is invariant under a concordance 
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of fiberwise Morse functions by a bifurcation argument. In ^ we give a surgery 
formula of Namely, we consider a special kind of Torelli surgery and we give 
an explicit formula of the value of for an alternating sum of surgeries. In IJSl we 
define a chain complex by counting AL-paths. The homology of the chain complex 
is naturally isomorphic to the homology of the total space of the fibration. This is 
used to understand the surgery formula. 

2. Preliminaries 

2.1. Graphs. By a graph, we mean a finite connected graph with each edge ori¬ 
ented, i.e., an ordering of the boundary vertices of an edge is fixed. We allow 
multiple edges and self-loops. A labeled graph is a graph T equipped with bijections 
a : {1, 2 ,..., n} ^ I^(r) and /? : {1, 2 ,..., £} —>■ £'(r), where ld(r) is the set of 
vertices of T and E(T) is the set of edges of T. We will identify P(r) and E(T) 
with the sets of labels through a and /3 respectively. Let EP(T) denote the subset 
of A(r) consisting of self-loop edges and let E^(r) = E(T) \EP(T). An orientation 
of a graph is an orientation of the real vector space 

eeE{r) 

where iL(e) = {e+, e_} is the two-element set of ‘half-edges’, namely e_ = i] 

and e+ = 1] for an orientation preserving homeomorphism : e ^ [0,1]. A 

labeled graph (T, a, /3) gives a canonical orientation o(r, a, 13). A vertex-orientation 
of a vertex z; in a graph is a cyclic ordering of the edges incident to v. 

Let i? be a commutative ring with 1. For a trivalent graph T, an R-eoloring 
of r is an assignment of an element of R to every edge of T. An i?-coloring is 
represented by a map (j) : E(T) R. The degree of a trivalent graph is defined as 
half the number of vertices. 

Definition 2.1 (Garoufalidis-Rozansky |GR) 1. Let A = and A = Q{t). Let 

£/n{E) (resp. 42/„(A)) be the vector space over Q spanned by pairs (r,(/)), where 
r is a trivalent graph of degree n with vertex-orientation and </> is a A-coloring 
(resp. A-coloring) of T, quotiented by the relations AS, IHX, Orientation reversal, 
Linearity, Holonomy (Figure [1]) and automorphisms of oriented graphs. 

It is known that there is a canonical correspondence between an orientation of 
a trivalent graph and a vertex-orientation to each vertex (e.g., m)- 

We denote a pair (F, cj)) by F((/)) or by T{(j){ei), (j){e 2 ), ■ ■ ■, We say that a 

A-colored graph r(^) is a monomial if for each edge e of F, (p(e) is a power of t. In 
this case, we may consider as a map E(T) —Z by identifying t^ with p. There 
is a bijective correspondence between the equivalence class of a monomial labeled 
graph r(0) modulo the Holonomy relation and the homotopy class of a continuous 
map c : F —>• or the cohomology class [c] G = [F, 

2.2. Fiberwise Morse functions and their concordances. Let k : M ^ 

be a smooth fiber bundle with fiber diffeomorphic to a closed connected oriented 
2-manifold E. We equip M with a Riemannian metric. We fix a fiberwise Morse 
function / : M —>• K. and its gradient ^ : M —>• Ker dn along the fibers that satisfies 
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Figure 1. The relations AS, IHX, Orientation reversal, Linearity 
and Holonomy. p,q,r € A (or p, q,r G A), a G Q. The exponent 
Si is 1 if the i-th edge is oriented toward v and otherwise —1. 

the parametrized Morse-Smale condition, i.e., the descending manifold loci and 
the ascending manifold loci for ^ are mutually transversal in M. We consider only 
fiberwise Morse functions that are oriented^ i.e., the bundles of negative eigenspaces 
of the Hessians along the fibers on the critical loci are oriented. There always exists 
an oriented fiberwise Morse function on M (e.g., [Wa2] 1. The graph of critical 
values of /|k-i(c) forms a diagram in R x 5^ (Cerf’s graphic), which consists of 
closed immersed curves. See Figure [5] For a generic choice of /, the intersection of 
curves in its graphic consists of transversal double points, which are called a level 
exchange points. 

Definition 2.2. A generalized Morse function (GMF) is a function on a man¬ 
ifold with only Morse or birth-death singularities ( |Igl[ Appendix]). A fiberwise 
GMF is a C°° function / : M —>■ R whose restriction fc = /U-i(c) • ^~^(c) —t R 
is a GMF for all c € S'^. A critical locus of a fiberwise GMF is the subset of M 
consisting of critical points of /c, c € S'^. A fiberwise GMF is oriented if it is 
oriented outside birth-death loci and if birth-death pairs near a birth-death locus 
have incidence number 1. 

It is known that for a pair of fiberwise Morse functions /o,/i : M —)• R, there 
exists a homotopy / = {/s}sg[o,i] between /o and fi in the space of oriented 
GMF’s on M which gives an oriented fiberwise GMF on the surface bundle k x id : 
M X [0,1] ^ 51 X [0,1]. 

Definition 2.3. We say that the homotopy / is a concordance if each birth-death 
locus of / in M X [0,1] projects to a closed curve that is not nullhomotopic in 
X [0,1]. 

Remark 2.4. There exists a pair /o,/i of oriented fiberwise Morse functions as 
above that are homotopic through a family of oriented GMF’s but not concordant 
because there may be a birth-death locus for a homotopy with nullhomotopic pro¬ 
jection in X [0,1] which can not be removed by deformation. In [Wa2[ §1.8], we 
considered a fiberwise gradient of a fiberwise Morse function as a kind of a limit of 
the nonsingular vector field gradK. In this way, a concordance would correspond 
to a certain isotopy of such a vector field. A birth-death locus in a concordance 
would correspond to a birth or a cancellation of closed orbits. 
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Figure 2. Cerf’s graphic and an AL-path 

2.3. AL-paths. Let tt : M —5> M be the Z-covering associated to k. Let 7c : M —>■ K 
be the lift of k, / : M —7 R denote the Z-invariant lift of /, and ^ denote the lift 
of We say that a piecewise smooth embedding tr : [/c, u] M is descending if 

> k(ct(u)) and /(cr(^)) > /(cr(u)), where ct : [/c, u] —7 M is a lift of a. We 
say that a is horizontal if Im cr is included in a single fiber of k and say that a is 
vertical if Imcr is included in a critical locus of /. 

Definition 2.5. Let x, y be two points of M. An AL-path from x to y is a. sequence 
7 = ((Ti,cr 2 , ■ ■ ■ ,cr„), where 

(1) for each 7, di is a descending embedding [yci, i/i] M for some real numbers 
pLi , Vi such that Hi < Vi, 

(2) for each 7, ai is either horizontal or vertical with respect to /, 

(3) if Ui is horizontal, then ai is a flow line of —possibly broken at critical 
loci, 

(4) (Ji{pLi) = X, cr„(u„) = y, 

(5) ai{vi) = (Tj+i(/rj+i) for 1 < 7 < n, 

(6) if (Ji is horizontal (resp. vertical) and if 7 < n, then di+i is vertical (resp. 
horizontal). 

We say that two AL-paths are equivalent if they differ only by reparametrizations 
on segments. 

See Figured] for an example of an AL-path. We remark that we do not allow ai 
to be a constant map. For an AL-path 7 = (tJi, 0 - 2 ,..., dn), we write 

n 

Im 7 = Im Cj • 

i=l 

2.4. Fulton—MacPherson compactification of configuration spaces. We re¬ 
call the Fulton-MacPherson type compactification of configuration spaces of real 
oriented manifolds by Kontsevich. See iKollBTllLesH for detail. For a closed d- 
dimensional manifold M, the configuration space Confn,(M) is the complement of 
the closed subset 

S = {(xi,..., Xn) S M" ; Xi = Xj for some i ^ j} C M". 

There is a natural filtration E = E„_i D ■ • • D S 2 D Ei with 

Ej = {{xi ,... ,x„) e M" ; #{xi,.. .,Xn} < j}- 
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The difference Ei+i — Si is a disjoint union of smooth submanifolds of M" — Ei. 
This property allows one to iterate (real) blow-ups along the filtration from the 
deepest one: First, one can consider the blow-up (-M") along the d-dimensional 
submanifold Eq of M" with oriented normal bundle. Recall that a blow-up replaces 
a submanifold with its normal sphere bundle. Since the closure of Ei — Eq in 
is also a disjoint union of smooth submanifolds (with boundaries), one 
can apply another blow-up along it, and so on. After the blow-ups along all the 
strata of E of codimension > 1, one obtains a smooth compact manifold with 
corners Conf„(M). 

The space Conf„(M) has a natural stratification corresponding to bracketings 
of the n letters 1, 2,..., n, e.g., ((137)(25))46 (see |FMj l. Roughly speaking, a pair 
of brackets corresponds to a face created by one blow-up. For example, the face 
corresponding to ((137)(25))46 is obtained by a sequence of blow-ups corresponding 
to a sequence 1234567^ (12357)46 ^ ((137)(25))46. 

The codimension one (boundary) strata of Conf„(M) correspond to bracketings 
of the form (•••)•••, with only one pair of brackets. The stratum j}Conf„(M) 
of 9Conf„(M) corresponding to the bracketings (12 • • • j)j+l ■ ■ - nis the face created 
by the blow-up along the closure of the following submanifold of M": 

Aj = {(xi,..., a:„) G M" ; xi = • • • = x^, otherwise distinct} 

in the result of the previous blow-ups. More precisely, j}Conf„(M) can be 
naturally identified with the blow-ups of the total space of the normal 
bundle of Aj C M" along the intersection with the closures of deeper diagonals 
that correspond to deeper bracketings. The fiber of the normal S'*^'^“^^‘^“^-bundle 
over a point {xj ,..., x„) € Aj is 

({(0,2/2,...,y,) G (R'')n-{0})/(dilation)-5(^-i)‘^-i, 

where the coordinate yi corresponds to Xi — Xi (where it makes sense) via a local 
framing of T^^M. The stratum d^i j^Conin{M) is a fiber bundle over Aj. We 
denote the fiber of j}Conf„(M) over a point of Aj by Conf*°'^®''(]R‘^). We 
identify Confj°“*(]R'^) with the subset of Confj)]^^^), as 

Conf;°“'(K‘^) = {(yi,... ,y,) G Conf,(R‘^); y, = 0,^ ||y,||2 = l}. 

£^2 

We denote by Conf*°'^*^\R'^) the closure of the image of the inclusion Confj°'^'^*(R'^) ^ 
Confj(IR.‘^), which is compact. The base space Aj is naturally diffeomorphic to 
Confji__,+i(M) and we denote by pr^ : Aj ^ M the projection (xj,...,x„) i—>■ 
Xj. So cl{i_ ,,j}Conf„(M) has the structure of the pullback of the associated 
C^i°“‘(IR‘^)-bundle of TM by pr^ : 


'9{i....,i}Conf„(M) 


P Xsoid) Conf;°“'(K'^) 
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{P M is the orthonormal frame bundle of TM.) The definition of 9yiConf„(M) 
for general subset Ac {1,..., n} corresponding to the bracketing {A)A‘^ is similar. 

It will turn out that the faces of 9Conf„(M) corresponding to coincidence of two 
points are special among the codimension one strata of Conf„(M). We denote by 
c}P'''Conf„(M) (‘pri’ for principal) the union of the faces corresponding to coinci¬ 
dence of two points and we denote by 3*"Conf„(M) (‘hi’ for hidden) the union of 
all the faces corresponding to coincidence of at least three points. 

2.5. Lescop’s equivariant configuration space ( |Les31 ILesdj i. Let L be a la¬ 
beled graph with n vertices and m edges. By the labeling a : {1, 2,..., n} —>• F(r), 
we identify £'(r) with the set of ordered pairs {i,j), i,j G {l,2,...,n}. Let 
denote the set of tuples 

(xi, 5 ■ • ■ ; ) {Tij }(i,j)ei?(r) ): 

where Xi C M and is the homotopy class of continuous maps c^- : [0,1] —?> 5"^ 
relative to the endpoints such that Cij(O) = K(xi) and Cy (l) = k^xj). We consider 
as a topological space as follows. Let 5^) be the space of continous maps 
r —equipped with the C^-topology and let be the space that is the pullback 
in the following commutative square. 

- ^C°(r,5i) 

M" (^1)" 

Here, v : C°(r, S^) —>■ (S'^)" assigns to each (j) :T ^ the images of the n vertices 
of r under (j). The fiberwise quotient map —>■ by the homotopy relation of 

edges gives the quotient topology. The forgetful map tt : —>■ M” is a locally 

trivial fibration, which is a Z™-covering. There is a canonical bijection between the 
set of connected components in with ~ _ Note that 

the covering may depend on k if bi{M) > 1. 

Let Confr(M) be the space obtained from by blowing-up along all the lifts 
of the diagonals in M" as in il2.4l The forgetful map 

7f : Confr(M) —>■ Conf„(M), 

is a Z"*-covering. Since Confr(M) is naturally a Z™-space by the covering trans¬ 
lation, the twisted homology 

7Lj(Confr(M)) (g)Ar Ar, 

where Ap = Q[{fi‘)^}(*,j)e£;(r)] and Ap = Qi^ij) (tensor product of Q- 

modules), is defined. Here, Ap acts on Ar by (]!(,,j) fij) = hi- 

Example 2.6. If T is the complete graph K 2 with 2 vertices, Wk^ ■ GoniK 2 {M) —)• 
Conf 2 (M) is a Z-covering. The associated twisted homology is iLi(ConfA :2 (M)) ®a 

A. 

If r is a labeled trivalent graph with 2n vertices, we obtain a Z^^-covering 
: Confr(M) —^ Conf 2 n(Af). There is a canonical bijection between the set 
of connected components in Confr(M) with iL^(r;Z) = Z^+". The associated 


























AN INVARIANT OF FIBERWISE MORSE FUNCTIONS ON SURFACE BUNDLE OVER 9 


twisted homology is 77i(Confr(M)) (8)Ar Ar, where Ar = and 

Ar = Q(il) 0 (^ 2 ) Qitsn)- 

2.6. Equivariant propagator. Following [Les21 lLes 8 l ILes4) . we will consider be¬ 
low an intersection form among chains in the equivariant configuration space Confr(Af). 
It will be necessary to take a fundamental chain for the intersection called an equi¬ 
variant propagator. Here, we take a special one from |Wa2) among equivariant 
propagators. 

Let ^ be the fiberwise gradient of an oriented fiberwise Morse function on M. We 
say that an AL-path 7 in M with positive length with respect to the Riemannian 
metric on M is a closed AL-path if the endpoints of 7 coincide. A closed AL- 
path 7 gives a piecewise smooth map 7 : 5"^ —>■ M, which can be considered as a 
“closed orbit” in M. We will also call 7 a closed AL-path. A closed AL-path has 
an orientation that is determined by the orientations of descending and ascending 
manifolds loci of See il2.7l for detail. Then we define the sign £( 7 ) S {—1,1} and 
the period ^( 7 ) of 7 by 

ph) = K[<i4l7l)l, = 

Let ST{M) be the subbundle of TM of unit tangent vectors. Let ST{^) be the 
pullback ST{M), which can be considered as a piecewise smooth 3-dimensional 
chain in dConiK 2 iM)- We say that two closed AL-paths 71 and 72 are equivalent 
if there is a degree 1 homeomorphism g : ^ such that 71 o ^ = 72 . The 

indices of vertical segments in a closed AL-path must be all equal since an AL-path 
is descending. We define the index indq of a closed AL-path 7 to be the index of 
a vertical segment (critical locus) in 7 , namely, the index of the critical point of 
/U-i(c) for any c € that is the intersection of 7 with 

Let Mq = and let : Mq -5> ST{Mo) be the normalization 

— ^/Il^ll of the section —The closure s^{Mo) in ST{M) is a smooth manifold with 
boundary whose boundary is the disjoint union of circle bundles over the critical 
loci 7 of for a similar reason as |Sh[ Lemma 4.3]. The fibers of the circle bundles 
are equators of the fibers of ST{'j). Let E~ be the total space of the 2-disk bundle 
over 7 whose fibers are the lower hemispheres of the fibers of ST('y) which lie below 
the tangent spaces of the level surfaces of k. Then ds^{Mo) = (J..^ dE~ as sets. Let 

s|(M) = sj(Mo) uIJe- C STiM). 

This is a 3-dimensional piecewise smooth manifold. We orient Sj(M) by extending 
the natural orientation (s^^)*o(M) on s^{Mo) induced from the orientation o(M) 
of M. The piecewise smooth projection s^(M) —>■ M is a homotopy equivalence 
and s|(M) is homotopic to S|. 

Let AT be a knot in M such that {[dn], [K]) = —1. Let b® fbe set of all 

AL-paths in M. There is a natural structure of non-compact manifold with corners 
on For a closed AL-path 7 , we denote by 7 '"'"' the minimal closed AL-path 

such that 7 is equivalent to the iteration ( 7 *’'’’)*^ for a positive integer k and we call 
7 '“'“' the irreducible factor of 7 . This is unique up to equivalence. If 7 = 7 '“'“', we 
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say that 7 is irreducible. We orient ST{Y'^’^) so that [S'T( 7 '"'"')] = p{Y'^’^)[ST{K)]. 
Note that this may not be the one naturally induced from the orientation of 7 '“'“' 
but from e( 7 ‘’''') 7 '"'"'. 

Theorem 2.7 ( |Wa2) ). Let M be the mapping torus of an orientation preserving 
diffeomorphism 7 ; : E —>• E 0 / closed, connected, oriented surface E. Let f be the 
fiberwise gradient of an oriented fiberwise Morse function / : M —> K.. 

(1) There is a natural closure ^ of that has the structure of a 

countable union of smooth compact manifolds with corners whose codimen¬ 
sion 0 strata are disjoint from each other. 

(2) Let b : (0 —t be the evaluation map, which assigns the pair of the 

endpoints of an AL-path 7 together with the homotopy class 0 / k o 7 relative 
to the endpoints. Let denote the blow-up of 

along b~^{/S.M). Thenb induces a map ConiK^iAI) 

and it represents a j-dimensional K-chain Q{£,) in ConiK^iAI) that satisfies 
the identity 

dQif) = s|(M) + ^(-l)-d7£(^) tPh) STiY^, 

7 

where the sum is taken over equivalence classes of closed AL-paths in M. 
Moreover, {l — t)'^A{t)Q{f^) is a A-chain, where A(t) is the Alexander poly¬ 
nomial of the fibration k : M . 

(3) Suppose that k induces an isomorphism iJi(M)/Torsion = Hi{S^). Let K 
be a knot in M such that ([d/i], [it']) = —1. Then the homology class of 
dQ{f) in ii 3 ( 9 Confii- 2 (M)) (g)A A is 

[dQm = [sl{M)\ + ^-^[ST{K)\, 

ktp 

where C,ip is the Lefschetz zeta function of ip. 

2.7. Coorientation of the strata in Q{f,)- We recall the orientation convention 
for Q{f,) in Theorem 12.71 As in |Wa2) . we give the orientations of the strata by 
coorientations in auxiliary spaces. 

The dimensions of strata in Q{f) of AL-paths having vertical segments of index 
0 or 2 degenerates in ConfA- 2 (M). A nondegenerate (codimension 0) stratum S 
in Q{f) consists of AL-paths 7 = (tri, ( 72 , • ■ •, satisfying one of the following 
conditions. 

( 1 ) n > 2 and both ai and an are horizontal. 

( 2 ) n = 1 and ai is horizontal. 

In the case (1), 7 may have several horizontal segments between critical loci 
of index 1. Each such horizontal segment is the transversal intersection of the 
descending manifold (locus) ^p(f) of a critical locus p and the ascending manifold 
(locus) Jzfg(f) of another critical locus q. Such an intersection is called a 1/1- 
intersection in |HW| . A 1/1-intersection has a sign which is determined by the 
coorientations of the descending and the ascending manifolds by the identity 

0*Mi%{f))x A oli{£/q{i))x ~ Ex ■ o{L)x, X G %{Cj H 
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where L is the level surface locus of / including x and o{L)x = o{M)x. Let 

£( 7 ) be the product of the signs of 1/1-intersections on 7 . Then we define the 
coorientation (•S')-,- at generic point as 

= £( 7 ) A o*MiO)v 

G A* (^) = A* t;m ® A* t;m. 

In the case (2), suppose that 7 goes from x € M to y G M. If T^M is spanned 
by an orthonormal basis ei, 62 , 63 , then T(^x,y)S is spanned by ei -I- Aei, 62 + £le 2 , 
63 -I- ^63, —^y, where A = ■ T^M -G TyM. Let dxi,dx 2 ,dx 3 € T*M be the 

dual basis for 61 , 62,63 and let A* = : T*M —)■ T*M be the pushforward. 

Then we dehne 

o{S)j = {—df)y A {dxi -f A^^dxi) A {dx 2 + A,,dx 2 ) A {dx 3 + A^^dx^) 

and 

0^2 (5)^ = * o{S)^ e A* t*m 0 A* t;m, 

where * is the Hodge star operator. 

2.8. Fundamental chain of closed AL-paths. We define the 1-cycle 

Q'(C)=E^GC'i(M;A) 

7 

in M, where the sum is over equivalence classes of all closed AL-paths 7 for ^ 
considered as oriented 1-cycles. This is an infinite sum but is well-defined as a A- 
chain. The orientation of a closed AL-path 7 is given by £( 7 ) times the downward 
orientation on 7 . 


3. The invariants and ^ 

3.1. Multilinear form {Qi, ..., Q 3 n)r and trace. Let k : M —5- 5”^ be a smooth 
fiber bundle with fiber a closed connected oriented 2-manifold. Fix a compact 
connected oriented 2 -submanifold E of M without boundary such that the oriented 
bordism class of E in M corresponds to [k] via the canonical isomorphism 112 (M) = 
H 2 {M) = Let r be a labeled oriented 3-valent graph of degree n. 

(1) If 6 G F^(r), then let Ae : Confr(M) —> ContK^iAI) denote the projection 
that gives the endpoints of e together with the associated curve in S^. Take 
a compact oriented 4-submanifold Fe in CowiK^iAI) with corners. 

(2) If 6 G EP{r), then let Ae : Confr(M) —> M denote the projection that gives 
the unique endpoint of e together with the associated curve in 5”^. Take a 
compact oriented 1-submanifold Fe in M with boundary. 

Note that in both cases Fi is of codimension 2. Then we define 

3n 

(Fi,F2,...,F3„)r= n Ae”A^e), 
e=l 


which gives a compact 0-dimensional submanifold in Confr(M) if the intersection is 
transversal. We equip each point (a;i,a; 2 ,... ,X 2 n', 7 i) 72 , ■ • ■ , 73 n) of (Fi, F 2 ,... ,F 3 „)r 
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with a coorientation (a sign) in Confr(M) by 


eeE(r) 


Here, we identify a neighborhood of a point in Confr(M) with its image of the 
projection in The coorientation gives a sign as the sign of /i in the equation 

where is the standard orientation of 

By this, {Fi, F 2 ,..., T 3 rt)r represents a 0-chain in Confr(M). This can be 
extended to tuples of codimension 2 Q-chains by multilinearity. We will denote the 
homology class of (Fi, F 2 ,..., F 3 „)r (integer) by the same notation. 

We extend the form (•,..., •)r to tuples of codimemsion 2 A-chains F^. in Conf/^^ (M) 
or in M as follows. When k G F^(r), suppose that is of the form ’ 

where G A and is a compact oriented smooth 4-submanifold in Conf^f^ (Af)[0] 
with corners, where Confif 2 (M)[ 0 ] is the subspace of ConiK^i^) consisting of 
(xi, ai 2 , 712 ) such that 712 is represented by an arc in M whose algebraic intersection 
with S is 0. When k G F^(r), suppose that F^ is of the form J2x^=i k-^xl^^xl ’ '''^here 
is a piecewise smooth path in M transversal to S and 
G Q. Then we define 


(F(,F',...,F'Jr= E 






Ai ,^2 ,...,A3n 

G C'o(Confr(M)) (g) Q, 


J2) 




which can be considered as a 0-chain in Conf 2 „(M) with coefficients in Q[ff ..., tf^]. 
This is multilinear by definition. 

Next, we extend the form (•,..., •)r to tuples of codimension 2 A-chains in 
Confi<' 2 (M) or M as follows. Let Qi, <52, • ■ ■, Qsn be codimension 2 A-chains in 
Confif 2 (M) or M depending on whether the corresponding edge is not a self-loop 
or a self-loop. Then there exist pi,p 2 , ■ ■ ■ ,P 3 n S A such that PiQi is a A-chain for 
each i. Then we define 

(Ql, Q 2 , • ■ • , Q3n)r = {piQl,P2Q2, ■ ■ ■ ,P3nQ3n)T Pl{ti)~^P2{t2)~^ ' ’ •P3n(i3n)~^ 

G C'o(Confr(M)) igAr Ar, 


which can be considered as a 0 -chain in Conf 2 n(Af) with coefficients in Q(ti)(g)- • 
Q{t 3 n)- This does not depend on the choices of pi,... ,P 3 „ and this is multilinear 
by definition. Note that the multilinear form •)r depends on the choice of E. 

We define a Q-linear map Trr : Q(ti) ( 8 > • • • ( 8 > Q(t 3 n) —t by setting 


(Qiiti) 

„ 92 (^ 2 ) 

(8> -^—r ® • 

^ q3nit3n)\ 

■ ®-7-\ ~ 

rp/9i(i) <72(i) q3n{t)\-] 


P2{t2) 

P3n\t3n) ) 

\pi{t)' P2{ty 'P3n{t))\ 


This induces a linear map 


Trr : C'o(Confr(M)) (g)Ap Ar -t C'o(Conf 2 n(M)) (8 )q i4i(A). 

Remark 3.1. For the theta-graph 0 in (13.3L the definition of (•, •, •)e given above 
is equivalent to the equivariant triple intersection •)e defined in [Les3] . Take 
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three 4-dimensional A-chains Fx,Fy,Fz in Confif 2 (Af) and represent as linear 
combinations of 4-chains in Confi^^ (M)[0] as follows. 






where F ^^, Fy ^, F^ ^ are 4-submanifold of Conf^^^ (-^) [0] that are mutually transver¬ 
sal and the sums are finite. Then we have 

{Fx,Fy,Fz)e^ E 
e,e',e" 

= E {Fx,t-^FY,t-i 

This agrees with Lescop’s equivariant triple intersection in |Les3] . 

3.2. Invariant of oriented fiberwise Morse functions. 


3.2.1. Definition of Zn- Let S’(k) denote the set of concordance classes of oriented 
fiberwise Morse functions for a fibration k : M S^. Let ki,K 2 , ■ ■ ■, Nsn : M ^ 
be fibrations isotopic to k. Let fi : M ^ M., i = 1,2,..., in, be oriented fiberwise 
Morse functions for Ki such that {ki, fi) is concordant to a pair isotopic to {K,f). 
Let fi be the fiberwise gradient of fi. Let Q{f,i) be the equivariant propagator in 
Theorem 12.71 for fi and let Q'ifi) be as in il2.81 Choosing these data generically, we 
define 

; ^2; • ■ ■ ; Csn) 

= E Trr(Q°(ei), Q“(6), ■ • ■, Q“(6n))r € C'o(^ 2 n(M)) 3S'„(A), 

r 

where Q°{fi) in the term for T is Q{fi) or Q'[£,i) depending on whether the corre¬ 
sponding edge in T is not a self-loop or a self-loop and the sum is over all labeled 
3-valent graphs of degree n for all possible edge orientations. We also denote by Zn 
the homology class of Zn in 7Lo(Conf2„(M)) (g)Q 32^^(A) = 32^^(A). 

3.2.2. Spin structure and canonical framing. We need a correction term to turn 
the homology class of Zn into an invariant under a deformation. Choose a spin 
structure s on M. Recall that Rohlin’s ^-invariant for {M,s) is defined by 

fi{M,5) = signW (mod 16), 

where IT is a compact spin 4-manifold that spin bounds (M, s). Kir by-Melvin’s 
A-invariant ([KM]) of (M,s) is given by 

A(M,s) = 2(1 -|- r{M)) + fi{M,s) (mod 4), 

where r{M) = rank(iLi(M) 0 Z 2 ). In |KM] . it is shown that if IT is a simply- 
connected spin 4-manifold that spin bounds {M,s), for example constructed by 
attaching 2-handles to D* along an even framed link, then x(^) — 1 + r{M) (mod 
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2). In [KMj . the invariant A was used to determine a canonical stable framing 
of TM © that is compatible with s. For simplicity, we assume the following 
condition. 

Assumption 3.2. /i(M,s) = 0 (mod 16). 

If ^{M,s) ^ 0 (mod 16), the correction term may still be defined as follows. 
Consider the 16-fold cyclic covering M(16) —>• M which is the pullback of k by 
the 16-fold covering S^. Then s induces a natural spin structure s(16) on 

M(16) and we have /i(M(16),s(16)) = 0 (mod 16). Now define the correction term 
for (M,s) to be of that for (M(16),s(16)). This definition is consistent when 
^(M,s) = 0 (mod 16). 

Under Assumption [221 one has X{M,s) = 0 or 2 (mod 4), depending on whether 
r{M) is odd or even. If X{M,s) = 0 (mod 4), then by [KMl p.97-98] there is a 
unique stable framing (j) such that 

cr((()) = 0, d{(l)) = 0, 

where tr is the signature defect ct((/)) = pi(lU;(/)) — 3 sign IF for W as above and 
is the degree of the map M ^ which gives the direction of the framing i/ 
of considered with respect to the trivialization (j). If X{M,s) = 2 (mod 4), then 
by [KMl p.97-98] there is a unique stable framing </> such that 

a{(l)) = 0, d{(j)) = 1. 

The latter is the same situation as Z-homology sphere with canonical spin structure 
discussed in jWal] . 

Lemma 3.3. Under Assumvtion \S.‘A we have the following. 

(1) If r{M) is odd, then there is a spin 4-nianifold W that spin bounds {M,s) 
and a unique framing ip of TM such that 

signlU = 0, x{W) = 0, pi{W-,ip ® v) = Q. 

Hence by [KMl Lemma 2.3], the stable framing (j) = (p (B n extends to a 
framing of TW that is compatible with the spin structure. 

(2) Ifr{M) is even, then there is a spin 4-manifold W that spin bounds {M,s) 
and a unique stable framing </> ofTM © such that 

signlF = 0, x(lU) = 1, pi{W-(l)) = 0. 

Hence by [KMl Lemma 2.3], the stable framing cf extends to a framing of 
TW that is compatible with the spin structure. 

Proof. We only give a proof for case (1) since the proof for case (2) is similar. 
By Assumption 13.21 there is a spin 4-manifold W that spin bounds (M, s) with 
sign IF = 0 (mod 16). Since r{M) is odd, such a W has even Euler characteristic. 
Let K3 denote the Kummer K3 surface and T"* be the 4-torus, both spinnable 
4-manifolds. By connected sums of several K3 or —K3 to W, we may assume 
that sign IF = 0, since signKTd = —16. Note that for a 4-manifold X, one has 
X(X#A3) = x(A#(-A3)) = x(X) + 22, = x(^) - 2. Hence we may 

assume that x(lF) = 0 by connect summing several K3ff{—K3) and T^, without 
changing the signature. 
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Now choose the canonical stable framing (j> oi TM (B with a{(j)) = 0 and 
d((/)) = 0, which is uniquely determined. For the W as above, we have pi{W;cj)) = 
(j{(j)) + SsignbF = 0. By d((/)) = 0, there is a framing (p oi TM such that (p is 
homotopic to (/? © u. This completes the proof. □ 

3.2.3. Anomaly correction term and Zn- Choose W and (p as in Lemma 13.31 When 
r{M) is odd, one can find a 4-framing of TW and its sub 3-framing of TW that 
extends p. The 3-framing spans a rank 3 subbundle T^W of TW. We extend 
s'^. : M —>■ TM to a map pi : W ^ T'"W, which restricts to a section on W \ dW. 
We choose pw = iPi,P 2 , ■ ■ ■, Psn) generic as in [Wall §2.8.3] so that we may define 

z~^yipw) = E [r(i, 1 ,..., 1 )] e ^„(A). 

r 

See [Wall Definition 2.7] for the definition of Roughly, {—pw) 

is the moduli space of graphs in fibers in the vector bundle T'"W whose i-th edge 
is parallel to pi. One can prove that does not depend on the choices 

of W as in Lemmaand of the extension pw f |Wall Proposition 2.12]). Now we 
define 

. . . ,6n,s) = ■ • ■ ,6n) - Z~^^PW) € ^n(A). 

When r{M) is even, let p be the canonical stable framing of TM © as in 
Lemma [3.31 (2). This is in a similar situation as the case of Z-homology spheres 
with canonical spin structure considered in [Wal] . The stable framing p is obtained 
from the stabilization </? © u of an honest framing p of T{M \ oo) (oo S M : base 
point) by modifying it on a neighborhood of oo to a fixed stable framing near oo. 
Then we may also define the correction term Zpp^°™^^y{pw) and Zn as above. See 
[Wall §2.8.1] for detail. 

Theorem 3.4. Zn is an invariant of (M,s, [k], [/]), where 

(1) s is a spin structure on M, 

(2) [/t] € H^(M) is the homotopy class of a fibration k : M ^ , 

(3) [/] € S‘(k) is the concordanee class of an oriented fiberwise Morse funetion 
f :M 

We will denote Zn and Zn by Zn{M, [k], [/]) and Z„(M,s, [k], [/]) respectively. 
Proof of Theorem 13.41 is given in S}T| 

According to a result of Laudenbach-Blank m, if the nonsingular closed 1- 
forms dKi and dK 2 are cohomologous, then they are isotopic. By integrating the 
Tparameter family of closed 1-forms, one sees that ni and K 2 are isotopic to each 
other. 


Remark 3.5. One can remove the dependence of Zn on spin structures as follows. 
Recall that for a compact 3-manifold M, the number of all spin structures on M is 
ji7i(M;Z2)|, which is finite ( [Mill Lemma]). One may consider the sum 


Zn{M, [«],[/]) 


1 

|Ri(M;Z2)1 


^ Z„(M,s, [«],[/]) 

sGSpin(M) 


over all spin structures on M. 
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AL-paths 

Q; horizontal 
component 


horizontal 


Figure 3. An AL-graph of generic type for 0-graph 

3.3. Zn and the generating function of counts of AL-graphs. Let/i,/2,...,/3n 
and fi, ^ 2 , ■ • ■, Can be as in ii3.2l Let F be a labeled trivalent graph of degree n. 

Definition 3.6. Let E = k“^( 0). Suppose that no 1/1-intersections for is on 
E. We define (E; ^ 2 , • ■ •, ^ 3 n), ^ = (^i, ^ 2 , • ■ •, ^Sn), as the set of piecewise 

1 (ft) 

smooth maps / : F —>■ Af such that 

(1) the restriction of I to the i-th edge is an AL-path of 

(2) the algebraic intersection of the restriction of / to the i-th edge ti with E 
is ki- 

We call such maps AL-graphs for (E; ^ 1 , ^ 2 , • ■ •, ^ 3 n) of type k. We define a topology 
on •. ■ ,^ 3 n) as the transversal intersection of smooth submanifolds 

of Confr(M), as in 113.11 

Here the condition (2) implies that koI : F —represents the cocycle = ki, 
i € E{r). Let F C F be the union of the preimages of all the vertical segments. 
Let H : r \ F —>■ M be the restriction of I to the closure of F \ F in F. Then H 
consists of finitely many “horizontal” components each of which consists only of 
horizontal segments in AL-paths. We say that a component of H is of generic type 
if it is a unitrivalent graph whose univalent vertices are mapped by I to critical loci 
of index 1. 

Lemma 3.7. For generic choices of ki, K 2 , ■ ■ ■, K, 3 n, ^ 11 ^ 2 , ■ ■ ■; f, 3 n, the moduli space 
is a compact oriented 0-dimensional manifold for all k and 

1 (ft) 

for all labeled oriented 3-valent graph F of degree n simultaneously. 

Proof. By a dimensional reason, we may assume that a horizontal component in H 
does not have a vertex that is on a critical locus of index 0 or 2, for a generic choice 
of ('Cij C 2 , • • ■; f. 3 n)- Namely, every horizontal components in F[ are of generic type. 

The transversality can be proved by an argument similar to [Fui p. 49] or [Wall 
Proposition 2.4] except that the descending (resp. ascending) manifolds of critical 
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points of index 2 (resp. index 1) is replaced with the descending (resp. ascending) 
manifold loci of critical loci of index 1. 

For the compactness, we use the fact that the subset of of paths of 

bounded lengths consists of finitely many compact strata l [Wa21 Lemma 4.1]). 
Namely, the lift 7r“^I] = 0igzS[7], E[7] = 7r“^(z), of E in M decompose M into 
cobordisms: M = where M[i] = + 1]. By the definition of the 

moduli space of AL-paths given in [Wa2) . the set of AL-paths from a point of 
M[k] to M\k — n] forms a finite union of finite coverings over compact subsets of 
M[k] X M[fc — n], where the number of sheets in the covering is the number of 
AL-paths from an output point in E[i] to an input point in E[A: — n-l- 1]. Hence the 
moduli space of AL-graphs of given type k is compact. 

For a fixed n and for a generic choice of (^i,... ,^ 3 n), there are finitely many 
possiblities for horizontal components that may be a horizontal part of an AL-graph 
of degree n. Thus the transversality for all the horizontal components implies that 
is a compact oriented 0-dimensional manifold for all k and for 

r(fe) 

all F of degree n. □ 

We may identify a point of (E; ^i,..., ^ 3 „) with an oriented 0-manifold 

in Confr(M). Hence the moduli space (E;^i,... ,^ 3 n) can be counted with 

signs. The sum of the signs agrees with the sum of coefficients of the terms of 
in the power series expansion of {Q°(Ci), Q°(^ 2 ), ■ • ■, Q°{^ 3 n))r- We 
denote the sum of signs by #./^j^^b^(E; ^ 1 ,..., ^sn)- 

Lemma [3.71 implies that for generic choices of E, ki, ..., N 3 „, ^i,..., ^ 3 „, an AL- 
graph I £ ./#^b (E;^i,... ,^ 3 „) consists of finitely many horizontal components of 

1 {k} 

generic type and some AL-paths connecting the univalent vertices of the horizontal 
components. We say that such an AL-graph is of generic type. The following 
proposition follows from Theorem 12.71 and from definition of Zn- 

Proposition 3.8. Let ^ 1 ,^ 2 , ■ • ■ j^ 3 n &e as in Lemma For a labeled trivalent 
graph F, let Fr(E; ^ 1 , ^ 2 , ■ ■ ■, Csn) be the generating function 

Y, (S; ,6, • ■ ■, 6n) t\- tl^ • ■ • til- , 

where #.^^b (E; , ^ 2 , ■ ■ •, 6™) is the count of AL-graphs of type k of generic type. 

1 [k) 

Then there exist Laurent polynomials (t) G A, i = 1,2,..., 3n, fi = 1,2,..., N, 
such that 

Pr(E;ei,6,---,6n) = £n (1 -\)2A(U)- 

Considering this as an element ofQfti) (8)q Q(t 2 ) Qit 3 n), we have 

■ • ■ ,6n) = ^Trr^r(S;^i,^2, ■ • ■ ,6n). 
r 
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Remark 3.9. The trace Trr can not be directly applied to formal power series. 
For example, consider the formal power series 

fc>i 

When r = 0 in (13.311 in 1 13.41 below, applying Tre to each monomial corre¬ 
sponds to taking the equivalence class in — 1) by the Ho- 

lonomy relation. However, the infinite sum of the equivalence classes is not well- 
defined since = Sfc>i 1 = oo if = 1- 

3.4. A combinatorial formula for Lescop’s 2-loop invariant for fibered 3- 
manifolds with Hi = Z. Here, we assume that i?i(M;Z) = Z. Let t :TM ^ 
X M be a trivialization of TM and let Sr '■ M ^ ST{M) be a section induced 
by T that sends M to {u} x M for a fixed v € S'^. We denote by Sr{M;v) the image 
of Sr- Suppose that StIk agrees with the unit tangent vectors of TK. Moreover, 
by choosing / suitably, we may assume that K agrees with a critical locus of 
index 0. Let A{K) : x [0,1] —>■ Conf 2 (M) be the map defined by A{K){t,u) = 

{K{t),K{t + u)) and let A{K) : x [0,1] —>■ Confif 2 (M) be the lift of A{K) such 

that X {0} is taken to Confi<-2(M)[0]. 

Originally, an equivariant propagator is defined in |Les2] as a 4-dimensional A- 
chain Q in GontK2{M) such that the chain level identity 

(3.1) dQ = Sr{M;v)+lA{t)ST{K') 


holds, where K' is a parallel of K and 


lA{t) 


1+t tA'{t) 


A(t) is the Alexander polynomial of M normalized so that A(l) = 1 and A(t ^) = 
A(t), and such that 


{Q,A{K)U = = 0- 

zGZ 

Lescop considered in [Les2) such a Q to define an equivariant invariant of M. Since 
our equivariant propagator Q{^) does not satisfy the identity (13.11) (compare to 
Theorem 12.71) . we extend it by adding a bordism in ST{M) in order to use results 
of |Les2j . 


3.4.1. Bordism between closed AL-paths and a knot. For a closed AL-path 7 : 5"^ —>■ 
M, we shall take a 2-dimensional bordism Fy such that dVy = ±7 — fiK' for 
an integer /r, as follows. Let E = k~^{c) for a generic value c G and let 
xi,X 2 , ■ ■ ■ ,Xr € E be all the intersection points of E with critical loci of an oriented 
fiberwise Morse function /. Suppose that K' intersects E transversally at xq with 
the intersection number 1. For each j, choose a path Cj on E from a;o to Xj. Let 
Pij be the set of AL-paths from Xi to Xj which do not intersect E except the 
endpoints. Then for w G Pij, the 1-cycle u = Ci -|-£(a;)a; — Cj is bordant to K' since 
Hi{M) = Z. Take a 2-dimensional bordism such that dVui = u — K' and such 
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that {Vu,,K) = 0, and let 

= X! JV(xi,Xj)= e{uj). 

OJ^Pij UJ^Pij 

A closed AL-path 7 : M is cut by E into segments: 7 = ujiu )2 • ■ • tOk, 

uj£ € IJj ^ Pij. Then the 2-dimensional bordism 

k 

(3.2) 

i=i 

satisfies dV^ = £( 7)7 — p{'-f)K'. 

Lemma 3.10. Let be the 2-dimensional A-chain 

where A is the matrix {N{xi,Xj)) and {l — tA)~^ is the {j,i)-th entry of (l — tA)~^. 
Then we have 

dST{%) = E(-l)'"‘^^e(7)^^^^^<S'r(7'‘'‘') - *-^ST{K'), 

7 ^ 

where the sum is over equivalence classes of all closed AL-paths for and C is the 
Lefschetz zeta function of the monodromy of the fibration k. 

Proof. By an argument similar to [Wa21 Lemma 4.2], we have 

7 

Indeed, by decomposing Vy irr ns ( 1321 ), the right hand side can be rewritten as a 
linear combination of the chains K, where w G [JijPij- The coefficient of 14 ; in 
the right hand side is a power series in t, which is the generating function of the 
numbers of irreducible closed AL-paths that starts from w, namely, base pointed 
closed AL-paths. If w G Pij, the coefficient of Vu, is 

00 

Y^itA)-p = {l-tA)-^. 

n—1 

By definition of V~j, we have 

dST{%) = - p{-i^^)ST{K')) 

7 


where the last equality follows from [Wa2[ Proposition 4.9]. 


□ 
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3.4.2. Bordism for the difference of sections. The following lemma follows from 
[Les21 Proposition 2.12, 4.5]. 

Lemma 3.11. There exists a 4-dimensional chain in ST{M) such that 
dU^ = s|(M) - sAM;v) + {g- 1)ST{K'), 
where g is the genus of E. 

Remark 3.12. The 4-chain can be taken more explicitly as follows. Let ^ = 
^p grad K, where p is a nonnegative smooth function supported on a small tubular 
neighborhood of the union of all critical loci. Then ^ is a nonsingular vector field 
on M and the image of the section = —^/||^|| : M —>■ ST{M) can be arbitrarily 
close to s|(M) with respect to the Hausdorff distance. Now one can take r so that 
the restriction of x M) to the complement of a small tubular neighborhood 

N oi K' U U 7 -criticaUocus 7 parallel to at every point x G M \ N. Then can 
be taken as follows. 

(1) The restriction of to each fiber ST{x) of 5'T(M\(ii:'uU7,criticaiiocus 7)) i® 

the minimal geodesic between s’^{M)riST{x) and which is a constant 

path ior X G M \ N. 

(2) T may be perturbed so that Sr{M-,v) is arbitrarily close to s|(M) in M\K' 
although they are singularly different on a small neighborhood of K'. The 
limit of the perturbation of Sr{M;v) restricts on ST{K') to a chain that is 
homologous to {g — 1)ST{K') in ST{K'). Namely, the limit of St{M]v) is 
homologous to s*^{M) + {g— 1)ST{K') and the difference of the restrictions 
on ST{K') bound a 4-chain in ST{K'). We may assume that in a small 
neighborhood of ST{K') in ST{M) the restriction of is given by this 
4-chain. 

3.4.3. A formula for Lescop’s invariant. We put 

QiO = QiO -u^- ST{%). 

Let 0 denote the following labeled oriented graph: 



Let S{t) be the minimal polynomial of t : Hi{M;Q) -G Hi{M;Q) normalized so 
that d(l) = 1 and S{t~^) = S{t). Let Os be the subspace of M(A) spanned by the 
elements 

for all positive integers k. 

Let fi : M —)• K., z = 1, 2, 3, be oriented fiberwise Morse functions for the fibration 
K : M ^ and let be the fiberwise gradient of fi. Let Nk be a small closed 
tubular neighborhood of i^T in M and let Ki,K2,K^ C Nk be three parallels of 
K taken with respect to the trivialization t\k. We may assume without loss of 
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generality that K is disjoint from all the closed AL-paths of Let vi,V 2 ,V 3 S 
be three points that are close to the fixed point v £ S^. Then by replacing ^,K,v 
with Ki,Vi in the definition of Q{C) above, we obtain three 4-dimensional chains 
Q(^,),*= 1,2,3. 

Theorem 3.13. We have 

dQiQ = SriM;v,) + lAiU) STiK,), 


{Q{^,),A{K))z = 0 {i = 1,2,3). 

After perturbations of ST{V^.) and along small inward normal vector fields on 
9 Confi^2(m) fixing on dST{V^^) and for each i, we may arrange that the 
expression 

^(a, 6,6) = Tr0(Q(a), Q(6), Q(6))0 

is well-defined and the class of f 2 ,^, 3 ) in ^i(A)IOs is an invariant of M and 

the homotopy class ofr. (Up to normalization, ^ agrees with Lescop’s invariant in 
[Les2] without framing correction term.) For generic choices of and for 
chosen as in Remark \3.12l we have 


^(a, a, a) = Tre [{Q(a), Q(a), o(a))e + , u^,,u^,)e 

+ (Q(a), ^52, i^c3)0 + Q(a), Q(a))e 

+ { ST {% J , U ^,, U^,)e + {%, 5 r(%), (753)0 + { U ^,, U ^,, ST{%,))e 


Proof. The Alexander polynomial of a fibered 3-manifold M over is of the form 
A(t) = ct“®det(l — where c G Q and ^ Hi((S;Q) is the 

monodromy action of the standard generator of 7ri(S'^). This together with the 
formula ( = C,p{t) = 01=0 ^®1(1 “ gives the following identity of the 

logarithmic derivatives 

tC tA'(t) 2t l-\-t 

~~^ = rrt+9 = Y:rt+9-^- 

Hence by Lemma 13.111 we have 

= 9Q(a) - dU^, - dST{%,) 

= Sr{M-Vi) + - ( 5 - 1 )) ST{Kf) = Sr{M-Vi)+I^{U)ST{K,). 

The vanishing of A{K))z is immediate from Remark l3.12l namely, since the 

restriction of a on K is horizontal everywhere, does not meet A{K). Since we 
assumed that K is a critical locus of / of index 0, AT is induded in an ascending 
manifold locus of a of index 0, K is transversal to fibers of Ki and ((5(a), A{K))i = 
0. Moreover, (V7, AT) = 0 implies that {ST{V^.), A{K))z = 0. This shows that ^ 
agrees with Lescop’s invariant of 3-manifolds in [Les2) without framing correction 
term. 

Let Ci C M he the union of the images of all the closed AL-paths of a and Ki. 
By a dimensional reason, we may assume that CiUCj = % ii i ^ j. This proves the 
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vanishing of the terms like 

(Q(a), Q(6), mi), Q(6), 5r(4))e, 

Moreover, since is a 1-chain, we may also assume that {V^i,V^j,Ck) is 

nullhomologous if i,j, k are distinct. This implies the vanishing of the terms like 

mi),sTi%,),sT{vm, msTmsTivm- 

Before the perturbations of ST{V^.), the triple intersection 
(3.4) {STi%,),STi%,),STi%,))e 

is ST of (%,%,%) e as a set. But the intersection is not transversal and per¬ 
turbations of ST{V^^) are necessary. At each intersection point x in the triple 
intersection (V^^, ^ 3 )©) 17 be a small neighborhood of x in M. There is a 

local coordinate {y,9,r) £ U x x [0, a), a > 0 small, on a small neighborhood 
of ST{U) in Conf 2 (M), where ST{U) corresponds to U x S'^ x {0}. Then perturb 
ST{V^.) to the level U x x {a} for a small positive number a < a hy using a 
cloche function supported on U. If ci, 02,03 are mutually distinct, the result of the 
perturbation has empty intersection in t/ x 5^ x [0, a). This shows the vanishing 
of the term (13.4p . Hence we obtain the formula of the statement. □ 

Remark 3.14. By (an analogue of) Proposition 13.81 the first term of the sum 
formula in Theorem l3. 131 counts AL-graphs of generic type. The rest in the formula 
of Theorem 13. 131 have geometric descriptions as follows. 

Proposition 3.15. For generic choices of and for U^. chosen as in Re- 

mark^KTM and Theorem \S.lS[ we have the following. 

( 1 ) e where the 

7 

sum is taken over closed AL-paths for and ik.yiTT{^ 2 , fs) 'Is the linking 
number of two parallels 0/7'"'"' given by ^2171" and ^3|.yirr defined with respect 
to T. 

( 2 ) = {%,,Ci^2,f3)) e Q(ii), where 0 (^ 2 , fs) is the piece- 
wise smooth link in M defined as the projection of s'^^{M) n s^^(M), with 
the orientation determined hy the intersection in ST{M). 

(3) 17 ^ 3)0 = (kc {^ 2 ,is) i^i) S where £kc {^ 2 ,is) i^i) *■5 ^he linking 
number of C{f 2 ,f, 3 ) and its parallel given by ^ 1 . 

Since Proposition 13.151 is not necessary in the rest of this paper, we omit the 
proof of Proposition [3T5] 


4. Proof of invariance of 
4.1. Independence of E. 

Lemma 4.1. The term Trr(Q°(^i),..., ( 5 °(C 3 n))r of Zn does not depend on the 
choice of E within its oriented bordism class. 
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V 



E' 


Figure 4. Change under a homotopy of E 

Proof. There are finitely many possibilities for horizontal components in AL-graphs 
for (^ 1 ,..., fsn)- A bordism of E is decomposed into a sequence of homotopies and 
attachings of 1 -handles that are disjoint from all the horizontal components and all 
the critical loci of Since the 1-handle attach does not change the value of Zn, 
it suffices to check the lemma for a homotopy of E. 

Suppose that a horizontal component Hq is a part of an AL-graph of type k and 
has at least one trivalent vertex. If S' = {Hi, H 2 , ■ ■ ■, Hr} is a set of horizontal 
components for (^ 1 ,... ,^ 3 n) having trivalent vertices such that the total number 
of trivalent vertices in the graphs of S is exactly 2n and if F is a labeled trivalent 
graph, then the generating function Fr{S) of counts of AL-graphs from F whose set 
of horizontal components agrees with S is a rational function in Q(ti)( 8 >' • •< 8 )Q(t 3 ra)- 
The reason for this is that there are finitely many ways of joining legs of Hfs to 
form the uncolored 3-valent graph F. In each joining of a pair of legs, the weighted 
number of ways of joining the pair by AL-paths is a rational function, as shown 
in |Wa2[ Lemma 4.2] or in Lemma 13.101 above. Hence Fr{S) is a finite sum of 
rational functions. Moreover, there are finitely many possibilities for the set S 
that contain Hq. Therefore, F'r(i4o) = S{s-LrQes} ^r(<S') is a rational function in 

Qih) (g) • • • (8)Q(t3n)- 

Now suppose that a homotopy of E crosses a trivalent vertex v € Hq. Then 
F'r(E; ^ 1 ,..., ^ 3 „) may change under the homotopy and the terms that may change 
at the crossing are the terms in Fr(iLo)- More precisely, if the three edges incident 
to V are labeled i,j,k, then all the terms in Fr{Ho) get multiplied by 
ei,ej,ek G {—1,1} (depending on the edge orientations). See Figure ID Namely, 
the change of Fr(E; ^ 1 ,..., fsn) under the homotopy at the crossing is — 

1) Fy{Hq), whose trace vanishes by the Holonomy relation for A-colored graph 
(Figured]). This completes the proof. □ 

4.2. Bifurcation of oriented fiberwise Morse functions and their fiber- 
wise gradients. Let n : M —be a fiber bundle with fiber diffeomorphic to a 
connected oriented closed surface. A concordance of an oriented fiberwise Morse 
function gives a 2-parameter family / : M x [0,1] —5> R of oriented GMF’s on a 
surface parametrized over x [ 0 , 1 ]. 

Lemma 4.2. After a perturbation of the concordance f fixing the endpoints, we 
may assume that there is a sequence 0 < si < S 2 < ■ • ■ < Sr < 1 such that 

(1) fs is an oriented fiberwise Morse function if s ^ si, S 2 , ■ ■ ■, Sr, and 

(2) at s = Si, there is exactly one locus of A 2 -singularities (birth-death locus) 
for fg^ which forms a finite covering over x js^} by k x id. 
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Proof. The proof is an analogue of the Beak lemma in [Cel Ch. IV, §3]. Since 
M X [0,1] is 4-dimensional, a birth-death locus is 1-dimensional, and a critical 
locus of / is 2-dimensional and unknotted, one may take a homotopy of a birth- 
death locus into a slice M x {s} that is disjoint from critical loci of / and from 
other birth-death loci. For a birth locus, we may take a homotopy which pulls back 
the locus to a minimal parameter of s on the locus. For a death locus, we may take 
a homotopy which pushes forward the locus to a maximal parameter of s on the 
locus. Then the result is as desired. □ 

To prove the invariance of Z„, we take a concordance / as in Lemma 14.21 and 
decompose [0,1] as 

[0, Si — e] U [si — e. Si -b e] U [si -I- e, S 2 — e] U • ■ • U [sr — e, s^. -b e] U [s,. + £, 1], 

for a small e > 0, and show that Zn is invariant at each piece. 

The restriction of / on M x [si_i -be, Si — e] gives a concordance through oriented 
fiberwise Morse functions. Let f = {Cs}se[o.i] be the fiberwise gradient of /. We 
say that a parameter s G [si_i -be, s^ — e] is a bifurcation for (/, = {(/s, Cs)}se[o,i] 

if (/s,^s) does not satisfy one of the following conditions, which were assumed in 
the definition of the moduli space ^K 2 i 0 - 

(1) Level-exchange points and 1/1-intersections occur at different levels for k. 

(2) Transversality of curves in the graphic. 

(3) ifsT^s) satisfies parametrized Morse-Smale condition. 

In [Cel IHW] . generic 2-parameter families of smooth functions are studied. Accord¬ 
ing to [^IhW|. a generic homotopy between generic loops in the space of Morse 
functions is as follows. 

Lemma 4.3. Let (/,^) be as above. For a generie choiee of a fiberwise gradient f 
of f on M X [si_i + e, Si — e], we may arrange that the possible bifurcations in the 
family (/, on [si_i + e,Si — e] are of the following forms: 

(a) A nondegenerate critical point on a level exchange curve. 

(b) A point where three eritical loci have the same value. 

(c) A crossing between two level exchange curves. 

(d) A nondegenerate critical point on a \/ 1-intersection curve. 

(e) A crossing between two 1 / 1-intersection curves (not successive). 

(f) A crossing between two 1 / 1-intersection curves (successive). 

(g) A crossing between a level exchange curve and a 1/1-interseetion eurve. 
(See Figure\^ and\^. Moreover, we may assume that no two bifurcations occur 
simultaneously in each time in [si_i + e, si — e]. 

In the rest of this section, let (/,C) = {(/s) ^s)}sg[o,i] be a generic concordance 
arranged as in Lemma 14.2114.31 

4.3. Invariance under a homotopy without bifurcations. The moduli space 
^is defined by taking an auxiliary decomposition of M into small pieces 
which are called cells (' [Wa2[ §2]). The decomposition arose from the graphic. 
See Figure 13 for an example. The decomposition is done roughly as follows. First, 
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Figure 5. Solid lines are level exchange parameters and dashed 
lines are parameters of 1 / 1 -intersections 



Figure 6 . Examples of changes in the graphics at the bifurcations. 
A, /X = ±1. 


partition M by (horizontal) level surfaces k ^ (c) for several values of c so that each 
piece B satisfies either of the following. 

(1) B contains exactly one level exchange pair of critical loci and no 1/1- 
intersections. 

(2) B contains no level exchange pair of critical loci but may contain several 
1 / 1 -intersections. 

Then partition each piece B further by (vertical) level surfaces of / so that each 
piece contains one or two components of critical loci and that it contains two if and 
only if the two loci are the pair forming a crossing in the graphic. 

By using the decomposition, we may identify each AL-path 7 in ^ 

a point of the direct product of vertical level surfaces on which 7 intersects. Thus 

_ 

one sees that ^ ( 5 ) is locally modeled on the direct product of the vertical level 
surfaces. Namely, embed a small neighborhood of 7 G into the product of 

the vertical level surfaces and take the closure in the product. Then glue together 
such local models for the closure suitably to obtain 
We orient M x J by o{M x J) = o{J) A o{M). 

Lemma 4.4. Let J = [a, fS\ C [0,1] he an interval sueh that the restrietion of (/, ^) 
on M X J does not have bifurcations. Then 

Zn{^a, ■ ■ ■ , f,3n, s) = Zn{f,i3 ^SnjS). 
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Figure 7. A decomposition of M into cells corresponding to the 
graphic. An AL-path 7 is characterized by a sequence of points at 
which 7 and the vertical walls intersect. 


Proof. Since there are no bifurcations in the restriction {fj, fj) of (/, on M x J, 
the graphics of fa and f/3 with the arrows of 1/1-intersections are isotopic through 
those in the 1-parameter family. Hence, the auxiliary decompositions of M for 
and are extended to a decomposition of M x J, which is isomorphic to the prod¬ 
uct decomposition with J. By using the product structure, we may define a moduli 

_^ _AL _AL 

space ^^2(0)) which gives a cobordism between K2^^p) diffeo- 

morphic to ^^2(^0) x J- By replacing .^^2(^0;) with ^k 2^^j) ^^e definition 

of Zm we may define the 1-chain 

^n(0,6, • ■ •, 6n) = ^ Trr(g°(0), Q°(6) X J,..., Q°(6n) X J)r 
r 

in (7i(Conf2„(M) x J) (8 )q where Q°{fj) is the corresponding bordism be¬ 
tween Q°{fa) and Q°(^/3). The coorientation of Q°( 0 ) (resp. x J) is given 

so that its restrictions on Confii:2(Af) x {a} is equivalent to that of Q°{f,a) (resp. 

For i = 2 ,..., 3n, let fi{J) : M x J ^ TM x J he the vector fields defined by 
fi{J){x,s) = {^^{x),x,s). Putting f{J) = - ■ ■ ,f,3n{J)), we define 

^anomaly^ [r(l, . . . , 1)], 

r 

where is the moduli space of linear graphs in the rank 3 vec¬ 

tor bundle TM x J over M x J. We shall check that the homology class of 
dZndj, 6: • ■ ■: 6n) is given by 

6, • ■ ■ , 6n) - 6, ■ ■ • , Csn) + Z~^y . 

This is an analogue of an identity in the proof of [Wall Lemma 10.1]. By assuming 
this, the proof will complete as follows. 

{fa ) ^2) • • ■ ) fsn j s) {ffS j ^2 > • • ■ j fsn j s) 

= Z^(fa,f2 ,..., fan) - Z„(f^,f2, ■ ■ •, fsu) - Z~^y{pw{a)) + Z~^y{pw{P)) 
= ^n(Ca,6, ■ • ■ ,6n) " Zr,{fp,f2. • ■ • , 6n) + 

= [dZn{fj, ^2, • ■ • , Can)] = 0, 
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where pw{<y) and pw{l 3 ) are the tuples of sections of T^W that extend , Csn) 

and (^/3,6. ■ respectively. 

Since {Q°{^j), Q°{^2) x J,..., (5°(^3n) x J)r is the intersection form among rela¬ 
tive cycles in (Confr(M) x J, 9 (Confr(M) x J)), the boundary of (Q°{^j), Q°i^2) x 
J, ■ ■ ■, Q°{^3n) X J)r that are not on Confr(M) x dJ consists of configurations for 
AL-graphs that are in the preimage of 9Conf2n(Af). According to the description 
of the strata of Conf„(M) in ^ 12.41 each of such AL-graphs / : L —>■ M is one of the 
following forms. 

( 1 ) (Principal face) For an edge e G A(r), the image /(e) of e collapses into a 
point. 

( 2 ) (Hidden face) A subgraph Ti in a horizontal component T of /(F) collapses 
into a point. 

Note that it is not necessary to consider an AL-graph with a non self-loop edge 
forming a closed AL-path in M since such an AL-graph and an AL-graph with 
one 4 -valent vertex do not occur simultaneously in a generic homotopy. If F is the 
dumbbell graph Q—O) there may be an AL-graph formed by exactly two closed 
AL-paths sharing a point, which is treated in case ( 1 ). In a generic homotopy, there 
does not exist an AL-graph formed by three closed AL-paths sharing one point. 

The contributions of the case ( 1 ) are canceled each other out in Z„(^j, ^2, • ■ •, ^3n) 
by the IHX relation, for a similar reason as in Chern-Simons perturbation theory 
for homology 3 -spheres (e.g., [KolIKTlILesIir^il] !. More precisely, for each labeled 
trivalent graph F, the contributions in Fr(S; ^j, ^2, ■ ■ ■, ^3n) having such collapsed 
edge, say, the one labeled fc, is a rational function with no terms of nonzero ex¬ 
ponents of tk, as in the proof of Lemma [ 4 .II Thus the IHX relation for A-colored 
graphs can be applied to prove that the changes are canceled each other out without 
any difficulty. See [Wall Lemma 10 . 1 ] for detail. 

The contributions of the case ( 2 ) for Ti ^ T vanish by an analogue of Kontse- 
vich’s lemma |Ko[ Lemma 2 . 1 ] (see also [Wall Lemma 6 . 3 , 6 . 4 , 6 . 5 ]). Roughly, the 
contribution of the case ( 2 ) is the product of the count of AL-graphs from F/Ti in 
Confr/T’,^ (M) and the count of linear graphs from Ti in ConfJy(y^)| (R^). Ti has a 
univalent vertex or a bivalent vertex. If Ti has a univalent vertex, then the moduli 
space of linear graphs in R.^ is generically empty by a dimensional reason. If Ti has a 
bivalent vertex, then there is an orientation reversing involution on Conf (R^), 
which exchanges the moduli space of Ti and that of another graph T*, which is Ti 
with different labels and different edge-orientations. The cancellation between the 
two graphs Ti and is examined in [Wall Lemma 6 . 3 ]. 

The contributions of the case ( 2 ) for Ti = F, which are not covered by the 
previous paragraph, are those correspond to the collapse of whole graph. They 
contribute as . □ 

4 . 4 . Invariance at bifurcations of level-exchange loci. 

Lemma 4.5. Let sq € [0,1] be a parameter at which the bifurcation of type (a) in 
Figure\^ occurs in (/,^). For a small number e > 0, 

{fiSo—ej ^2; ■ • ■ I Csn j s) = Zn{^so+e: ^21 • ■ • ; ^ 3 m ■ 
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Proof. Let (ug, so) € x [0,1] be a point such that the projections of two critical 
loci of /sols„(, in the graphic are tangent to each other (see Figure [S] (a)). After 
a small perturbation of f which does not change the critical loci, we may assume 
that the moduli space , —fsn) is empty on [sq — e, sq + for 

all r. Hence we may assume that the anomaly correction term does not 

change through [sq — e, Sq + e]. 

Take a neighborhood U(^uo,so) of {uq, sg) in x [0,1] so small that there are no 
1/1-intersections in {k x id)“^C/(„g^;,p) C M x [0,1]. Let J = [sq — e, sq + e] and 
suppose that £ is sufficiently small so that [uq — e, uq -f e] x J C . Moreover, 

we assume without loss of generality that the curve of the level exchange parameters 
in U(^uo,so) intersects the segment {sq — e} x [uq — e,uo + s] in two points, as in the 
left hand side of Figure [5] (a). 

We may decompose M x J\Int (k x id)“^([uo — e, uo-l-e] x J) into small pieces as 
in the proof of Lemma 14.41 since f has no bifurcation there. The rest (Kxid)“^([uo“ 
e, uo -be] X J) can be decomposed as follows. For the critical loci of fj\K.-^luo-e,uo+e] 
that are not involved in the bifurcation, we may take product cells as in the proof 
of Lemma oi each of which includes exactly one critical locus. We consider the 
closure W(^i,o,so) of the complement in M x J of the union of all the cells taken above 
as one big cell, which includes exactly two critical loci. See Figure |S| 

Now we have a decomposition oi M x J into cells. Applying a similar method 
as in the definition of with the decomposition oi M x J given above, 

we obtain a moduli space ^ AL-paths in M x J, which restricts to 
./£K^i^ao-s) and x^i^sQ+e) at s = sq i without any difficulty. By replacing 
with in the definition of Zn, we may define the 1-chain 

Zn{£,J,£,2i ■ ■ ■ ,f,3n) = ^ Trr(Q°(Cj), Q°{f2) X J, . . . , Q° (fsn) X J)r 
r 

in C'i(Conf 2 „(M) x J) (8 )q .e^^(A). Proof of the identity 

0 = [dZn{fj ) ^2 J ■ • ■ ) ^3n)] —Zn (^sq_£, ■ ■ ■ j fsn) ^n(Cso-l-E) ^2j ■ ■ ■ j fsn) 

is the same as Lemma [4.41 □ 

Lemma 4.6. Let sg G [0,1] be a parameter at which the bifurcation of type (b) or 
(c) in Figure\^ occurs in (/,0- ® small number e > 0, 

Zji (^sq— ei ^2 ) ■ • ■ ) £,3n j s) = Zn{^so+ej ^2 > • ■ • j f3m s)- 
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Proof. The proof is the same as Lemma [4.51 Note that for (c), there are two big 
cells at s = So in the decomposition of M into cells. □ 

4.5. Invariance at bifurcations of 1/ 1-intersection loci. 

Lemma 4.7. Let Sq € [0,1] be a parameter at which the bifurcation of type (d) in 
Figure\^ occurs in (/,^). For a small number e > 0, 

Zji {^SQ—et ^2 ) ■ • ■ ) ^3n j s) — ^n(^so+e5 ^2 > • ■ • j ^3nj s). 

Proof. Let (uo,so) £ x [0,1] be a point such that the bifurcation of type (d) 
occurs. After a small perturbation of f which does not change the bifurcation 
parameters, we may assume that the moduli space —^ 2 , ■ ■ ■, —Csn) is 

empty on [sg — e, so + e] for all L. Hence we may assume that the anomaly correction 
term ^anomaly change through [sg — e, sg + £]. 

Take a neighborhood U(^uo,so) of (^^OjSo) in 5*^ x [0,1] so small that there are 
no other 1/1-intersections nor level exchange bifurcations in (k x id)“^t/(up C 
M X [0,1]. Let J = [sg — £, Sg + e] and suppose that e is sufficiently small so that 
[wg — e, Mg -I- e] X J C C^(uQ,so) ■ We assume without loss of generality that the curve 
of the 1/1-intersection parameters in U(^uo,so) intersects the segment {sg — e} x [wg — 
e, ug -|- e] in two points, as in the left hand side of Figure [5] (d). Then we may take 
a decomposition oi M x J into pieces as in the proof of Lemmawith no trouble. 

By the parametrized Morse-Smale condition for we may apply a similar 
method as in the definition of (Cso-e) ^ifii fii® decomposition of M x J given 
above. Then we obtain a moduli space of AL-paths in M x J, which 

restricts to and ^^^{^so+e) at s = sg ± e. By replacing 

with ^K 2 i^j) ia the definition of we may define the 1-chain 

Znih, 6, • ■ • , ^3n) = Y. Trr(0°(Cj), 0°(6) X J,... , Q°{f3n) X J)r 
r 

in C'i(Conf 2 n(-^) x J) 'S’q =fi^(A). Proof of the identity 

0 = \dZ'^{^j ^ ■ 5 ^3n)] —Zni.^SQ—e’i ^2-i ■ • ■ 5 ^3n) ■^n(^so+e5 ^‘2-i ■ • ■ 5 ^3n) 

is the same as Lemma 01 □ 

Lemma 4.8. Let sg £ [0,1] be a parameter at which the bifurcation of type (e) or 
(g) in Figure\^ occurs in (/,0- ® small number e > 0, 

Zn{^SQ—S! ^2j ■ • ■ ) Csn, s) = Zn{f,SQ+ej ^2, ■■■ , ^3n, s). 

Proof. The proof is the same as Lemma 14.71 □ 

Lemma 4.9. Let sg £ [0,1] be a parameter at which the bifurcation of type (f) in 
Figure\^ occurs in (/,^). For a small number e > 0, 

Zn (^sq— ei ^2 ) ■ • ■ ) Csra j s) — Zn{^f,so+ei ^2 t ■ ■ ■ j ^3nj s). 

Proof. After a small perturbation of f which does not change the bifurcation param¬ 
eters, we may assume that the moduli space —^ 2 , ■ • ■, —^ 3 ™) is empty 
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on [so — e, So + £] for all F. Hence we may assume that the anomaly correction term 
^anomaly change through [sq — e, So + e]. 

Let J = [so — e, Sq + e]. As in the proof of Lemma 14.71 we may define a moduli 
space ^ AL-paths in M x {s}, s G J, which restricts to ^ and 
K 2 (Cso+e) at s = So ± £. This gives rise to the 1-chain 

Znih, 6 , • ■ •, 6n) = ^ Trr(g°(ej), Q°(6) X J,..., Q°(6n) x J)r 
r 

in C'i(Conf 2 „(M) x J) (g)Q i 24 i(A). Note that the the boundary of the chain 

Q°{^ 2 ) X j, ..., Q°{^ 3 n) X J)r consist only of the forms given in the proof 
of Lemma 14.41 although the trajectory spaces for the 1 / 1-intersections involved in 
the bifurcation may have boundaries at s = Sq. The AL-graphs in s < Sq that 
may arrive at the boundary at s = so are those with an edge e including both 
the horizontal segments labeled A and fi in the left side of Figure [5] (f). They can 
be paired with the AL-graphs in s > Sq with an edge e' including the horizontal 
segment labeled Xfj, in the right side of Figure [6] (f). 







A,/ 

JL 

m 








Since these edges have the same sign, the boundaries at s = sq are cancelled with 
each other. Hence we have 

0 = [dZn{^J ) ^2) • ■ • ) Csn)] —Zn{^so—ei ^2 > • ■ • ) ^3n) Zn{^so+e^ ^2 > • ■ • ) ^3n)- 


4.6. Invariance at birth-death locus. 

Lemma 4.10. Let sq S [0, 1] he a parameter at which a birth-death bifurcation 
occurs in {/,£,)■ For a small number e > 0, 

Zn{f,So—e^ ^ 2 j ■ • ■ ) £,3n,s) — Zn{f,SQ+ej ^2, ■■■ , f3n, s). 

Proof. By the symmetry between a birth and a death bifurcation with respect to 
the parameter s, it is enough to check the lemma only for a birth bifurcation. Let 
7 C M X [0,1] be the birth locus that occurs at sq and suppose that a pair (a,/3) 
of critical loci of / of index 1 and 2 appear after sq. See Figure |9] (a). The case 
where ind a = 1 and ind /3 = 0 is symmetric to this case. Moreover, we assume 
for simplicity that the image of 7 in 5"^ x [ 0 , 1 ] spans Hi{S^ x [ 0 , 1 ];Z) = Z since 
the proof of other cases are the same. Take a small neighborhood Uq of 5”^ x {sg} 
in X [0,1], a section 7 : t/g —>• (k x id)“^(t7o) that is a smooth extension of 7 , 
and a fiberwise small tubular neighborhood 17 of 7 in M x [0,1]. Choose a level 
surface locus T of / in 17 that is disjoint from a U /3 U 7 in 17 and that lies just 
below (a U /3 U 7 ) n 17. 

By the Normal form lemma for A 2 -singularities in |Igl| , we may assume that for 
each point (so,u) € U on 7 , there is a local coordinate {s,t,xi,X 2 ) around (sg,M) 
such that / agrees with 

/(s, t, xi,X 2 ) = g{s, t) + xf - (s - so)xi - xj 
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Figure 9. 


for a smooth function g{s,t), where it makes sense. Moreover, we may assume for 
a fixed pair (so,u) that the Euclidean local coordinate is isometric near {so-,u). 

The intersection of the descending manifold locus of 7 with T forms a 

bundle over x {sq} with fiber a small closed interval. By perturbing ^ in a 
small neighborhood of T, the closed interval can be made arbitrarily small in each 
fiber. Then by smoothness of the intersection of U in each fiber 

of U with T can be made arbitrarily small too. Then for a small number e > 0, 
^ai^sQ+e) U ^i3{^so+e) forms a 1 -parameter family of thin half-disks which flow 
down to a critical locus of index 0 for a generic parameter, or which may go through 
another critical locus of index 1 as t increases. See Figure [9] (b). 

First, we consider the limit of AL-graphs as s —>■ Sq from below. If ^ is generic, 

_ 

the moduli spaces is, ^ 2 , ■ ■ ■, isn) for s G [sq —e, sq) forms a finite covering 

over [sq — e, So)- As seen from the result in [Wall §8.4], the limit consists of AL- 
graphs that do not intersect 7 and those with a broken edge that intersect 7 . The 
AL-graphs at s = Sq that do not intersect 7 extends smoothly over (sq, sq -|- e] as 
a covering over [sq — e, sq -|- £]. The AL-graphs that intersect 7 stop at s = Sq as 
boundaries of a 1 -dimensional moduli space and do not extend over (so,so + e]. 
We shall check that ^ can be perturbed within the space of 1-parameter families of 
gradient-like vector fields for the given a 2-parameter family / of GMF’s so that all 
the boundaries of the moduli spaces at s = -sq disappear. 

Long broken edge: suppose that the limit of a 1-parameter family {/s}sg[sQ_£^sp) 
of AL-graphs at sq has an edge e with positive length that is broken at the birth 
locus 7 . Let e' be the horizontal segment in e that is broken at 7 . In this case, by 
perturbing ^ in small neighborhoods of two points on e' that are not close to 7 , we 
may assume that e is disjoint from 7 . This is possible since we are assuming that 
the descending manifold locus forms a bundle of arbitrarily thin half-disks. 


'^1 

r' 1 




.--A 




f ■■ 




fixed fixed 

Collapsed broken edge: suppose that the limit of a 1-parameter family 
of AL-graphs at sq has an edge that collapses to a point on the birth locus 7 . This 
is the contribution of 9Conf/c2(M). The limit can be described as follows. Let 
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J = [sq — e, So + e]- We may define the moduli space ^of AL-paths by 
gluing the closures in the auxiliary spaces (x J) as in the definition of ^k2^0 
|Wa21 §2]. The evaluation map b : —>■ x J represents a 5-dimensional 

A-chain Q{^j). The boundary of Q{^j) on 9 Confif 2 (M) x J is described as follows. 
Let (M X J)o = {M xJ)\ U^^criticaiiocus^ and kt : {M x J)o ST{M) x J 

be the normalization —O/IIOII of the section —^j. The closure x J)o) in 

ST{M) X J is a smooth manifold with boundary whose boundary at ( 9 Confi<- 2 (M) 
is the disjoint union of circle bundles over the critical loci tr of (including the 
birth-death locus 7 ), for a similar reason as [Shi Lemma 4.3]. The fibers of the circle 
bundles are equators of the fibers of ST (a). Let E~ be the total space of the 2-disk 
bundle over cr whose fibers are the lower hemispheres of the fibers of ST (a) which lie 
below the tangent spaces of the level surfaces of k. Then x J)o) = [J^ dE~ 

as sets. Let 


s~^{M xJ)= X J)o) U IJ A- c ST{M) x J. 

(7 

This is a 4-dimensional piecewise smooth manifold. We orient s~ {M x J) by 
extending the natural orientation (s~^)*o(M x J) = (s~^)*o(J) Ao(M) on sj ((M x 

J)o). The contribution of 9Confif2(M) in the boundary of Q{^j) is of the following 
form: 

(7 

See [Wall §5.4] for the reason of the signs in this formula. We could describe the 
sign e{a) and the orientations of ST{a'’^^) precisely, but it is not necessary here. 
The point is that one can define , ^ 2 , ■ • ■, Can,s) using the restriction of 

Q(Cj) S'!- s = So and that there is no bifurcation for the anomaly correction term 
^anomaly aj-Qund s = sq if Cj is generic, by a dimensional reason. This completes the 
proof of vanishing of the contributions of the AL-graphs with an edge degenerate 
at the birth locus. 

Next, we consider the limit of AL-graphs as s —)• sq from above. In this side, 
there may be other kind of AL-graphs with an edge broken at the birth point, 
namely, those with an edge that visits the critical locus a (of index 1). Let I € 
Cso-i-£, C 2 , ■ • ■, Can) be ^ generic AL-graph whose first edge ei has a vertical 

I (ft) 

segment C included in the critical locus asQ+e = a f] {M x {sq -I- e}). There must 
be a horizontal segment L in ei next to C. Let Hq be a horizontal component in I 
that contains L. 

When Hq has a trivalent vertex, let Hq be the graph obtained from Hq by 
removing the edge L. Then the moduli space of AL-graphs Hq M x J near 
the inclusion Hq —>■ Hq is 1-dimensional and the locus of the bivalent vertex of Hq 
forms a local section S : U x {sq -I- e} —^ Mu x {sq -|- e} of ki x id : M x {sq -b e} —^ 
5”^ X {so+e}, where t/ is a small open interval in S^, ki is the first of (ki, K 2 , ..., kqu) 
( il3.2|) and Mu = We define the descending manifold ^°(Cso+e) and the 
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ascending manifold £/g{^so+e) of 6 as follows. 

^K^so+e) = {(a:,so+e) G Mu X {so + e}-,3T> = x}, 

J^i^so+e) = {(a:,so+e) S Mu x {so + £};3r < 0, = a;}. 

Then the segment L corresponds to a transversal intersection of ^ai^so+e) with 
£/s{^so+e)- The observation in the previous paragraph implies that L goes along 
one side of a thin half-disk in ^a{^so+e)'3^i3{^so+e)- By transversality of ^ai^so+e) 
and £/s{^so+e), the other side of the half-disk intersects £/s{^so+e) with the opposite 
orientation in a fiber close to L. This implies that there is a unique AL-graph 
I' G ■ ,^ 3 ™) that is close to I and whose first edge is nearly 

parallel to that of I. Moreover, the signs of I and /' are opposite. Hence, no terms 
of the AL-graphs whose first edge visits a survive in the sum Zn{^so+e^ ^ 2 , ■■■, Csn)- 
The equality for other graphs can be proved similarly as Lemma 14.51 

When Hq does not have a trivalent vertex, then Hq is a single flow-line between a 
pair of critical loci, say, from a to a'. In this case, replace £/si^so+e) with si/a' (Cso-i-e) 
in the previous paragraph so that similar cancellation occurs. □ 

Proof of Theorem \3.4\ The theorem follows as a corollary of Lemmas 14.3114.4114.51 
14.6114.7114.8114.91 and 14.101 □ 


5. Surgery formulas of and 42 

5.1. Torelli surgery with trivial action of AL-paths. Let I = [a, /3] C be a 

small interval which does not contain any integers. Let S' = k“^(/3), S" = K~^{a) 
and Ml = For an oriented fiberwise Morse function f : M ^ M. and its 

fiberwise gradient f, let ui be the restriction of f on Mj. Suppose that there are no 
1/1-intersections in Mj for w. For simplicity, we assume Assumption 13.21 for a spin 
structure s on M. Choose the canonical stable framing (j> as in Lemma 15751 that is 
compatible with s. Let B' C S' be a small disk that is disjoint from critical loci of 
f and put Sq = S' \ IntH'. The negative gradient of n induces a diffeomorphism 
go : T,' ^ S". The orbit of B' under the flow of —grad k forms a cylinder N = x / 
in Mi. Put B" = S" n A and S'„' = S" \ Int B". 

Now we shall define a surgery of {M,f) along Mj. Take an orientation preserving 
diffeomorphism g : ^ S" such that g\B' = Solsu an oriented fiberwise Morse 

function 77 : S' x / —>■ R and its fiberwise gradient H. Let g : S' x [a, a -I- 
g] —^ K~^[a,a + g] {g > 0 small) be a local trivialization of n that extends g, let 
h : T,' X [(3 — g, P] ^ k~^[P — g,P] be a local trivialization of k that extends id, 
and let : 73' X J —)• A be the local trivialization of the disk bundle k\n such that 
v{z,t) is the intersection of the gradient line of —grads; from z € B' with 
and such that ^\b' x[a.a.+ri\ 9 \b' x[oL.a+ri] and ^\B'y.[(ii—rj^^] X [/3 —r7,/3] ■ Let 

P'^{T,',f) = {p^^,,p 2 ^,,... be the set of critical points of f\s' : S' —>• M 

and let P“(S", /) = {pf^,i,pf^„, ■ ■ ■ ,pf^„} be the set of critical points of f\s" : 
S" —)> K such that pf^, and p~^„ are the endpoints of a critical locus of /|m/ for 
each i. Let q~^, = g~^{pf^ii) G S' x {a}. 
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Definition 5.1. We say that (S' x is adapted to (k,/, 0 if tii® fol¬ 

lowing conditions (l)-(4) are satisfied. 

(1) On a collar neighborhood of SJ, x {a} in x I, H and O agree with g*f 
and {dg~^)uj respectively. 

(2) On a collar neighborhood of SJ, x {/3} in T,'^x I, H and 0 agree with h*f 
and {dh~^)oj respectively. 

(3) On B' X I, H and O agree with D* f and {dv~^)uj respectively. 

(4) The number of AL-paths of 0 from p^^, to counted with signs is the 
Kronecker delta Sij. 

The condition (4) is an analogue of pure braid with zero linking numbers. Ac¬ 
cording to |Wa21 Lemma 4.10], the action of AL-paths agrees with the action of 
cobordism on homology. This together with the condition (4) implies that the 
diffeomorphism g~^ o : E' ^ S' represents an element of the Torelli group. 

Definition 5.2. For r = (S' x I,B\g,H,il) that is adapted to (k,/, ^), we define 
the adapted surgery Mr as the 3-manifold obtained from M by removing Int(M/\Af) 
and pasting E(, x / back by the diffeomorphism 

id U b U g : E(, X {/?} U (OB' x I) U S'^ x {a} ^ dMj \ N. 

By the conditions (1), (2) and (3) for the adaptedness, / and ^ on M\Int {Mi\N) 
extends smoothly over Mr by H and V, on E'^ x I. We denote by fr and ^r the 
resulting function and vector field on Mr respectively. Let Kr : Mr —>■ be the 
projection obtained by gluing K|M\int (M_r\7V) and proj : E^, x / ^ J. We say that 
(^r, fr, Ct) is obtained from (k, /, by adapted surgery with respect to r. 

Example 5.3 (Borromean surgery, C' 2 -move or E-surgery ((Mat])). Suppose that 
E' C M is of genus 3 and the restriction of / on E' is a minimal Morse function, 
i.e., the numbers of critical points of index 0,1,2 are 1,6,1 respectively. Suppose 
that there is a level curve L = {f\s')~^{h) of /js' such that 

• three of the 6 critical points of f\s' of index 1 lie below L and the rest of 
those of index 1 lie above L and 

• B = (/|e')~^(— 00 , h] has four boundary components, i.e., a disk with three 
holes. 

Then a Borromean 3-strand braid [ci, cr|] = (cricr^^)^ gives rise to a relative diffeo¬ 
morphism of B relative to dB, which can be realized by a sequence of 1-handle-slides 
below L. One has a 1-parameter family of Morse functions on B that induces the 
handle-slides, where the handle structures for the endpoints of the path may be 
assumed to be equal. Extending such 1-parameter family by trivial family above 
L, one obtains a 1-parameter family of Morse functions on E' that gives rise to an 
adapted 5-tuple (E' x I,B',g,H,n). It is known that such a surgery may yield 
topologically different 3-manifold. □ 

Suppose that a triple (ki,/i,5i) is obtained from (k,/, 5) by a small perturba¬ 
tion. Then we perturb (proj : E^ x J —>■ R, iL, fl) as follows. Put 

E = E(, X ([a, a + g]Y[[l3 - T], /S]) U {B' x I). 
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We consider the pullback {hU DU g)*Ki : 1/ —>■ R where h, D,g are the maps fixed 
above by using (n,/, ^). Then we deform proj : x / —>■ / C R slightly to 

Hi : E'o X / ^ R so that IIi agrees with (hU DU g)*Ki on V. Similarly, we deform 
H and il slightly to iJi : E^ x / —>■ R and so that they agree with the pullbacks 
(hUDUg)* fi and {dh~^UdD~^Udg~^)^i on V. After surgery by r with (IIi, i?i, fli), 
we get a triple (nit,/it, Cir) on Mr- We say that such a triple (nit,/it, Cir) is 
obtained by an adapted perturbation from (n,-, with respect to 

5.2. Spin structure and surgery. Given a spin structure s on M, one can choose 

a spin structure on Mr as follows. As in [Mas] . we consider a spin structure on 
an n-manifold X as an element s € where P —?> A is the orthonormal 

frame bundle of TA, such that the restriction of s to each fiber is non trivial in 
H^{SO{n)-, Z 2 ). For a manifold A, let Spin(A) denote the set of spin structures on 
A. 

Lemma 5.4 ( [Mas ] ). Let X be a closed oriented manifold obtained from two com¬ 
pact oriented spinnable manifolds Ai and X 2 with connected boundaries 81,82 re¬ 
spectively, by identifying the boundaries by an orientation reversing diffeomorphism 
(fi : 82 ^ 81 . Suppose that the set 

J = {(si,S 2 ) e Spin(Ai) X Spin(A 2 ); =S 2 |s 2 } 

is not empty. Then X is spinnable and the restriction map 

r : Spin(A) —>■ Spin(Ai) x Spin(A 2 ) 

is injective. (In such case, for each (si,S 2 ) G J, there is a unique spin structure 
r“^(si,S 2 ) on X that restricts to the given pair.) 

For example, if r = (E' x I, B', g, H, fl) is adapted to (k, /, f), then in particular 
g~^ o go induces the identity on Pi(E';Z), as guaranteed by the condition (4) for 
the adaptedness, and g~^ o go acts trivially on the spin structure on E'. Hence the 
restriction of s to M \ Int(M/ \ N) can be extended to a spin structure Sr on Mr. 
We fix one such for each r. Note that by [Masl Lemma 5], one has {Sr)r' = (SrOr 
for disjoint surgeries t,t'. 

5.3. Alteruatiug sum of surgeries aud filtratious. Let Ii, I 2 ,..., Im C S'! be a 
disjoint collection of small intervals that are disjoint from 0 G 5^. Let ti,T 2 , ... ,Tm 
be a sequence of 5-tuples on , Mj ^, •. •, Mj^ as in Definition [5T] that are adapted 
to (k,/, 0- Suppose that there are no 1/1-intersections in Mj. for ( for all i. Let 
T = {ti,T 2 ,. .., Tm} and put 

[M,r]=^(-l)l^l(M5,[N5],[/5]) 

SCT 

where Os denotes (• ■ • ((Oti)t 2 ) • ■ • )rm for each object O. We define 

z„([M,r]) = ^ (-i)I^Iz„(M5, [ ks ], [/s]), 

ScT 

Z„([M,r],ST) =Y.{-l)\^'Zr.{Ms,Bs,[Ks],[fs]). 

ScT 
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Let ^niM, k) be the vector space over Q spanned by alternating sums [M, T] with 
|T| = n where T is as in >15.31 Then the sequence /c)}„>o forms a descending 

filtration, i.e., ^n{M,K) D k). Let (3[M,T] denote the alternating sum 

of (M 5 , [ks]) that is obtained from [M,T] by forgetting the classes of fiberwise 
Morse functions. Let ^n{M, k) be the vector space over Q spanned by alternating 
sums I3[M,T] with |T| = n where T is as in >15.31 Again, k)}„>o forms a 

descending filtration. We consider the following problem. 

Problem 5.5. For each n > 1, determine the structure of the quotient space 

( 1 ) ^n{M,K)/^n+i{M,K) 

( 2 ) 

Although we do not have a solution to the problem, the invariants Zn and ^ 
are helpful for understanding of the quotient spaces. We do not know whether the 
filtrations are the right ones that correspond to the space £/n{A), but we think that 
there should be a close connection of the filtrations to s/n{A). 


5.4. Surgery formula for adapted surgery. Let Ki : M ^ , fi : M ^ M., 

{i = 1,2,..., 3u) be as in >13.31 Suppose that for each i the triple (a^, is close 
to (k,/, ^) with respect to the C^-topology so close that they are obtained from 
(k, /, 5) by a small isotopy in M. Let ri,...,Tm be as above that are adapted 
to and let T = {n, r 2 ,..., r^}. Let ,/ir,, ), * = 1,2,...,3n, 

j = l,2,...,m, be triples obtained by adapted perturbations from (nrj, 
with respect to (Ki,fi,^i). Moreover, replacing Tj with S C T, we obtain triples 


Put Ij = [ajPj], S' = Ki ^(Pj) and S" = Let ci be the critical 

locus of / that intersects E' and E" at pf„, and respectively. The isotopy 
which takes (k,/, C) to also takes critical loci ci of / to those of fi. 

Let be the critical locus of fi corresponding to C£ by the isotopy. Then let 
P+mj,) = E' n {c'l, c^,..., c;} and P-(E", /,) = E" n K, c^,..., c^}. 

For a fixed number * S {1, 2,..., m} and for a triple j, k,£ € {1,2,..., 3n}, take 
critical points Xj e P+(E',/,) UP"(E",/j), Xk e P+(E',/fe) UP"(E",/fe), X(, e 
P+(E', /f) UP”(E", fi) of index 1 in M. Then we define the Y-graph Y{xj,Xk,xt) 
as the Y -shaped unitrivalent graph such that the three univalent vertices are labeled 
Xj,Xk,Xi respectively. The order of {xj,Xk,xi) determines a vertex-orientation of 
the trivalent vertex of Y{xj,Xk,Xi). We impose the relation Y{a{a),a{b),a{c)) = 
sgn(cr) F(a, b, c) for tr e 63 . Let be the moduli space of 

AL-graphs in E'o X A C ioiY(xj,Xk,Xi). The coorientation of the moduli space 
is determined as the wedge product of the coorientations of the loci of the descending 
and the ascending manifolds of critical loci considered at the trivalent vertex. We 
take the wedge product of the coorientations using the vertex-orientation. Put 


Z^ 


. y (0 ~ ^ ^ ^ ^ '^•^Y(xj ,Xk,xe)iijnT ^kTi, ^£Ti)Y (Xj, Xk, Xe). 


3,k,t 


Note that the product x^ Xi)i^Pi^ikTi,£,eTi)Y{xj,Xk,xe) does not depend 

on the choice of vertex-orientation. We define Z^Y{i)o by the same formula as 
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but restricting the sum xk xi triples {xj,Xk,xi) consisting only of 
points of P'^ or only of points of P~. 

For a pair i,j € and a number k € {1, 2,..., 3n}, take critical 

points X e P+(S',fk) U p-(S",fk) and ?/ e P+(Sj,fk) U p-(S",/fe) in x li 
and S'o ^ respectively of index 1. Suppose that x,y are such that if a: G P’*' 
then y G P~ and if a; G P~ then y G P^. Then we define a chord C{x,y) as the 
connected univalent graph x>^y with vertices labeled by x and y respectively. Let 
•^c\x y)i^kTi, ^kTj) be the moduli space of AL-paths in going from x to y. 

This gives a 0-dimensional chain in Confif 2 (M), whose twisted homology class is 
represented by a rational function in A. Put 


(fc) = E E ^^clx^y) (an , an )C{x,y), 


where #-^c(;,y)(an.an) G A. 

We define a product of several F-graphs by the disjoint union and extend it to 
the Q-linear combinations of products of F-graphs by Q-multilinearity. We also 
define a product of several A-colored chords by the disjoint union and extend it by 
Q-multilinearity. Then we define a non-symmetric pairing {A, B) G 32^ji(A), where 
A is a product of 2n F-graphs and P is a product of 3n A-colored chords, as follows. 
We set {A, B) = 0 unless the labels of the 6n legs in A and B match, i.e., unless 
the sets of the labels of the 6 n univalent vertices in A and B agree. If the labels of 
the 6n legs in A and B match, we set (A, B) to be the A-colored graph obtained 
by joining all pairs of legs which have the same label. We extend the pairing to 
Q-linear combinations by Q-linearity. For example. 



Theorem 5.6. Let T be as in and let m = |P|. 

(1) If m > 2n, then 

^„([M,r],ST) = 0. 

(2) If m = 2n, then 

2n 3n 

F„([M,T],st) = (2n)! ([[zly{z), J] ^c(fc)) G ^n(A). 

i—1 k—1 


Theorem shows that the values of Zn for [M,T] with |T| > 2n does not 
depend on the choice of spin structures Ss for S C T, hence Zn induces a well- 
defined linear map 

Zn '■ k) / ^n+l{M, k) —>■ 32^^(A). 


Proof of Theorem 15. dl We shall only give an ontline of the proof since similar ar¬ 
gument has been given previously by several authors (e.g., [AfIIKT]) for different 
purposes. We assume that for each i the triple {Ki,fi,^j) is close to (n,/, C) as 
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above. For each S CT and for each i such that n £ S, we put Vi = x li C Ms- 
If m > 2n, an AL-graph G in Ms, S G T, having a trivalent vertex in the comple¬ 
ment of Urr gS does not survive in the alternating sum T]) since in such 

a case either of the following occurs. 

(a) There is j such that no trivalent vertex of G belongs to Vj C Ms- 

(b) There is a unique graph G' in Msu{Tj} that represents the same monomial 
A-colored graph as G, that agrees with G outside Vj = x Ij C Msu{Tj} 
and that has no trivalent vertex in Vj. 

In the case (a), G collapses to an AL-graph in Ms\{rj} that represents the same 
monomial A-colored graph as G. By the condition (4) of Definition 15.II the counts 
of both graphs are equal. Such a pair cancels each other out in Zn{Ms, [ks], [fs]) — 
Zn{Ms\{r [^s]j [/s\{r }])• In the case (b), similar cancellation occurs in 
Zn{Msu{Tj}, [ ks ], [/su{rj}]) “ Zn{Ms, [ ks ], [f s])■ 

In the case m > 2n, either of (a) or (b) always occurs and hence the claim 

(1) holds. In the case m = 2n, the only surviving terms in the alternating sum 
Zn{[M,T]) are those for AL-graphs G in Mt whose set of 2n trivalent vertices in¬ 
tersects Vj for every j e {I, 2,..., 2n}. This means that for each j £ {1,2,, 2n}, 
there is a horizontal tree component of G with one trivalent vertex, i.e., a F-graph, 
in Vj. The sum of counts of such G gives the right hand side of the formula of 

(2) . The reason for the coefficient (2n)! is that for each AL-graph G, the same 
contribution is counted for (2n)! different labelings for the trivalent vertices of G. 

Finally, we should check that the alternating sum of the correction terms van¬ 
ishes, if m > I. For simplicity, we assume Assumption 13.21 for (M,s) and {Mri,5Ti) 
for all i. If {Mri,STi) does not satisfy Assumption 13.21 we have only to replace Ti 
with the 16 iterations of Ti when defining the correction term and to divide the 
result by 16. By Assumption 13.21 for (M,s) and (MT-.,SrJ, there exist spin cobor- 
disms Wi with signIFi = 0 (mod 16) that spin bound {—Vi) U M/. \ Ni. Then one 
can find sequences pwi of sections of T'"Wi extending given ones on the boundaries, 
and the correction term in Zn{Ms,Ss, [^s]j [fs]) is 


The total alternating sum is as follows. 

E (-1)'^' [- E z~^^pw,) - z—^y{pw) 

SCT TjGS 

m 

= E - D e 1^1 is even} - #{5; r, e 5, |5| is odd}) Z~^^pw,) 
i=i 

m 

= ^ -(1 - ) = 0 . 
t=i 

□ 


We have another surgery formula analogous to Theorem l5.6l for .2. The following 
theorem is a special case of Lescop’s Lagrangian preserving surgery formula of ^ 
in [Les2) . 
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Theorem 5.7. Let T be as in and let m = |r|. 

(1) If m > 2, then 

^iP[M,T]) = 0 . 

(2) If m = 2, then 

^(/3[M,r]) = 2\{Zly{\)^Zly{2)^,Zl{l)Zl{2)Zl{?,)) s M(A)M. 

The proof of Theorem 15.71 is almost parallel to Theorem 15.61 We remark that 
for m > 2, no contribution of (?Confx 2 (Af) survive in the alternating sum. Hence 
so are the correction terms involving 

Theorem 15.71 111 shows that £2 induces a well-defined linear map 

^ n)/.^ 3 (M, k) ^ M(A)M 

and ( 2 ) gives an explicit formula for this map. 

6 . AL-paths and the homology of M 

6.1. A chain complex via AL-paths. Let a = 0, b=^€S^= R/Z. Let 
/ : M —R be an oriented fiberwise Morse function for the fibration k and let ^ be 
its gradient along the fibers. Suppose that the 1/1-intersections in f are disjoint 
from both K~^{a) and K~^{b). Put M+ = and M~ = K“^[i,l]. For 

c G put Ec = fc = /|e„ and fc = CIec and let E(/c) denote the set of 

critical points of fc- Let Ei(/c) denote the set of critical points of fc of index i. 
Now we define a chain complex using AL-paths. Forp G E(/a), let (^) 

be the subset of ^^{0 consisting of AL-paths from p to a point of M~ that does 

not intersect Int M+ = k“^( 0, i). As paths in M+, we consider a reverse AL-path, 

_rAL 

which is defined by using —k instead of k in the definition of AL-path. Let ^^2 
be the (closed) moduli space of reverse AL-paths in M. For p G Z,{fa), let D+(^) 

_rAL 

be the subset of ^^2 (?) consisting of reverse AL-paths from p to a point of M+ 
that does not intersect IntM“ = 1). We orient D+(^) and D”(^) by using 

the orientations of descending and ascending manifold loci and the orientations of 
level surfaces determined by —grad/i, as in il2.7l or |Wa2[ §3]. Put 

Dp (0 = D;( 0 uD+(e). 

The assignment of the terminal endpoint of a path defines a continuous map 

b : Dp(e) ^ M. 

For q G E(/b), let S>q{fb) denote the descending manifold of q for —ft and let 
^qi^b) be its compactification to the space of possibly broken flow lines (see e.g., 
[BHj l. Let 13 : ^q{^b) ^b denote the continuous map that extends the inclusion 
^qi.ib) Efc. 

Roughly, the set of maps b and (3 gives a cell-like structure on M whose degree 
i part is generated by b{Dp{f)) for p G Ej_i(^a) and P{IZq{f_b)) for q G Ei(^b). 
The incidence coefficients are determined as follows. For p,q € S(^a) U T,{^b), let 
M 2 (?;p, 9 ) be the subspace of Dp(^) or ^p{fb) consisting of AL-paths (or reverse 
AL-paths) from p to q. If indp and indg satisfies the conditions (1), (2), (3) below 
and if f, is generic, then M 2 ('C;P) 9 ) is a compact 0-dimensional manifold. 
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(1) p G E(/a), q G S(/o) and indp - indg = 1. 

( 2 ) p G S(/a), q G S(/{,) and indp = indq. 

( 3 ) p G S(/b), g G S(/b) and indp - indg = 1 . 

Moreover, in such cases M2(^;p, g) has a natural orientation (sign) as follows. If p, g 

satisfies ( 1 ) or ( 3 ) above, then we orient M2('C;p,g) as usual, namely, comparing 
®M(^p(Cc))a; A Oj^{si^q i^c))x (x G M2(^;p, g), c G {a,6}) with the orientation of 
the level curve £x C Sc of fc including x. Here, the orientation of ix is given by 
o{ix)x = i(—grad,j,/c) o(Sc)a;. If p, g satisfies (2) above, then we orient M2(^;p, g) 
by the signs of AL-paths from p to g. 

Now we put 

= C^jifb), El,j = Cj{fa)- 

Let $o(/a) : Eij —>■ Eij-i, $o(/&) : Eqj —>• be the boundary operators of 

Morse complexes C^,{fa),C^,{fh) respectively. Namely, 

^o(/a)(g>) = XI #M2(C;p,g)g {p&^jifa)) 

gSEj-il/a) 

MhW)= X #M2(e;p',g')<z' (p'GS,(/b)) 

Let $i(/) : Eij Eqj be the operator defined by 

<i>i(/)(p)= X #M2(^;p,g)g (pgE,(/,)). 

Put = Eo,j © and define : C'X(6 ^ C'Xi(C) by 

qAL . -Mfa){p)+^lif)ip) ifpeS(/a) 

^ \ Mfb){p) ifpeE(/b) 

This definition is motivated by the twisted tensor product in |Ig 2 | . 

Proposition 6.1. The pair forms a chain complex and its homology 

is canonically isomorphic to E[^,{M]1i). 

Proof. Since $o(/a)$o(/o) = 0 and $o(/b)^’o(/f)) = 0 , we have 

^ $0(/,)$!(/) _ ci>i(/)$o(/„). 

Thus the condition = 0 is equivalent to the condition that $i(/) is a chain 

map. It is enough to see that ^o{fb)^i{f) — ^i{f)^o{fa) is given by the bound¬ 
aries of the 1 -dimensional moduli spaces M2(^;p, g) for p G Ei(/a), g G Ei_i(/b). 
From the definition of the moduli space of AL-paths given in [Wa 2 ] , it follows that 
cIM 2(^;P, g) consists of AL-paths between p and g of the forms 71 * 72, where 71 
goes from p to some r G Ei_i(/a) U Ei(/b) and 72 goes from r to g. This implies 
that 

0 = #aM2(e;p,g) = X ±#M2(C;P,r) x#M2(C;r,g). 

It suffices to check that this differs by a multiple of ±1 from the coefficient of 
g in ($o(/f))‘hi(/) — ‘f’i(/)‘ho(/a))(p)- We assume for simplicity that the bundle 
K is trivial and that / is a trivial 1 -parameter family of a Morse function on E 
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since the mechanism of inducing boundary orientations for general case is the same 
except that the signs of AL-paths with 1/1-intersections are multiplied. Moreover, 
we have only to check the claim for a trivial family over a geometric 1-simplex 
|A^| = [0,1] (replacing a,b with a = 0, 5 = 1 as elements of [0,1] respectively). 
Since the orientations of Ea and induced from that of E x |A^j are opposite, the 
orientation of M 2 (^;p, g) induces opposite signs in the boundary operators on E^ 
and Ef,. Hence the coefficient of q in 

is ±#5M2 (C;p,<?) = 0 . 

Since $i(/) is a chain map, the system ({(^^(/a), $o, $i, 0, 0,...) sat¬ 

isfies the axiom of Igusa’s Aoo-functor ( |Ig2| ). As mentioned above, 
agrees with Igusa’s twisted complex for the Aoo-functor, which gives the homology 
of M. (One may use Mayer-Vietoris argument and |Wa2[ Lemma 4.10] to see this 
directly.) □ 

Corollary 6.2. Suppose that the fiberwise Morse function f is such that fa is 
minimal, i.e., #Eo(/a) = 1 and #E 2 (/a) = 1- Suppose moreover that ^i{f) = 0. 

If {Ki, fi,f,i) are suffieiently close to (n,/, ^) and generic, then the element 

X! #Dp,(^i) n DpJ^a) n Dp 3 (^ 3 ) [pi] A [p 2 ] A [pa] G f\^ H 2 {M;Q) 

Pl,P2,P3 

where the sum is over pi G Ei((/i)a), P 2 G Ei((/ 2 )a), Pz G Ei((/ 3 )a), is well- 
defined and is a multiple of the dual to the triple eup product on {M ; Q). Hence 
is nontrivial if the triple eup product f\^ H^{M-,Q) —>• iJ^(M; Q) 
Q of the mapping torus of the surgery Ti is nontrivial. 


g^k denote an oriented surface of genus g with k boundary 


Example 6.3. Let E 

circles and let ipo ■ Si,i be a diffeomorphism such that polaEi.i = id 

and such that the induced map (po^, : 7Ji(Ei^i;Z) —>■ 7Ji(Ei^i;Z) is represented 


by the matrix Aq = 


Since Aq is a product of 


elementary matrices, tpo can be realized by 1 -handle-slides in the standard handle 
presentation of Ei_i in Figure fTOl (b). By boundary connected sums between the 
0 -handles, we obtain a diffeomorphism (p' : Ea^i Ea^i such that the induced map 
on Hi is represented by A = Aq © Aq © Aq. Let ip : E 3 _o —t be an extension 
of p' by the identity. Let M be the mapping torus of p and let k : M ^ S^ be 
the projection. Since det(A — 1) = —1 is invertible in Z, we have Hi{M) = Z (see 
e.g., |Wa2[ Lemma A.l]). Let / : M —)• R be an oriented fiberwise Morse function 
that restricts to a minimal Morse function on a fiber, which exists. Then / satisfies 
the assumption of Example 15.31 Let Ii,l2 C S^ be small disjoint intervals and put 
Mj. = We identify Mi. with E 3 _o x Ij. Consider two disjoint F-surgeries 

T = {ti,T 2 } on respectively as in Example 15.31 as follows. A F-surgery 

can be considered as a replacement of Hj x Ij where Hj is a (thickened) ribbon 
graph on E 3 _o of genus 0 with four boundary components. Assume that the spines 
of Hi and of H 2 intersect transversally as in Figure [TUI (a). 
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(a) (b) 

Figure 10. (a) Spines of Hi and H 2 . (b) Standard handle pre¬ 
sentation of 


From Corollary 16.21 one sees that Z^y(l)o and Z^y(2)o are of the following 
forms: 

^uy(l)o = 5 Y{y'i,y2,y'ii) + eY{xi,X 2 ,xii) + (permutations) 

Zyy(2)o = 5 Y{w'i,w'2, w'^) + eY{zi, Z 2 ^ z^) Y (permutations) 


where (5,e = ±1 and 2 / 2 ,J/s)^ ^ xi,X 2 ,xz,zi,Z 2 ,zii S P and 

“permutations” are the contributions of the corresponding triples of critical loci 
with the labels of the edges permuted. The coefficients in are given by 

matrix entries of 


t 

t l-2t 

d{t) d{t) 


1-t t 

d{t) d(t) 

t l-2t 

d{t) d{t) 


tA{l - tA)~^ 


t(2-t) t 

d{t) ci(t) 

t 

d{t) d{t) 


t{2-t) t 

d{t) d{t) 

t 

d{t) d{t) 


ti2-t) t \ 

d{t) d{t) I 

t 

d(t) d(t) / 


where d{t) = \ — + . Hence for T = {ri, T 2 }, we have 


1 — ^2 1 — ta ii(l — ti) ^2(1 — ^2) ^3(1 “ ^3)' 


d{t2) 


d{t2) 


d{h) 


^(/1[M,T]) 

= 2!3!feTre(^ 

® (1 — 3ti -I- if ^ 1 — 3t2 + ti ^ “ 3t3 -I-^ 

by Theorem 15.71 In this way, one may find many nontrivial elements in =^ 2/=^3 and 
in =^ 2 r!,/=^ 2 rt+i, where we must use Zjy(i) for ^ 2 nl^ 2 n+i in place of Z’j^y(i)o. □ 


d{ti) 

l-ti 


d{h) 

l-t2 


d{ti) 

i-h 


7 . Concluding remarks 

7.1. Fatgraphs. A fatgraph (or a ribbon graph) is a vertex-oriented graph. A 
fatgraph G gives an oriented surface F{G) with spine G C F{G), which is a 2- 
dimensional handlebody consisting of 0- and 1-handles. A handle-slide in such a 
handlebody corresponds to a local move on a fatgraph. A sequence {Gi — Gi+i}^~Q 
of such local moves with Gk = Go gives rise to a (possibly unorientable) fiberwise 
Morse function for a surface bundle M ^ . 

It is known (e.g., |Pel IMPl lABPi [BEPp that the mapping class group of 
punctured surface can be represented as the set of sequences of “Whitehead 
moves” {Wi : Gi ^ Gi+i}^~Q on (bordered) trivalent fatgraphs with Gk = Go, 
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modulo the relations called involutivity, commutativity and pentagon. A White- 
head move can be realized as a sequence of handle-slides. In this way, can be 
represented as the set of sequences of handle-slides on fatgraphs modulo the corre¬ 
sponding relations rewritten in terms of handle-slides. The relations can be realized 
by 2-parameter families of GMF’s. It can be checked that the pentagon relation 
may not be realized by a concordance of oriented fiberwise Morse functions. Thus, 
to get an invariant of 3-manifolds, the method of this paper needs to be improved, 
although we do not know whether the pentagon relation changes the value of Zn 
or not. 
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